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�¢¥¤¥¨¥

(1) �á®¢ë¬ ¬ â¥¬ â¨ç¥áª¨¬  ¯¯ à â®¬ á®¢à¥¬¥®£® ¥áâ¥áâ¢®§ ¨ï ®áâ îâáï

¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï. �á«®¢¨¥¬ ¥£® ¯à¨¬¥¥¨ï ï¢«ï¥âáï à áá¬®âà¥¨¥ ¤¥Ä

â¥à¬¨¨à®¢ ëå ¯à®æ¥áá®¢, ¨«¨ ¨§¬¥¥¨ï á â¥ç¥¨¥¬ ¢à¥¬¥¨ ¬ ªà®áª®¯¨ç¥áª¨å

å à ªâ¥à¨áâ¨ª ä¨§¨ç¥áª¨å ï¢«¥¨©.

�¥à®ïâ®áâë¥ à áá¬®âà¥¨ï ¢ ¥áâ¥áâ¢®§ ¨¨ ¢®§¨ª«¨ ¢® ¢â®à®© ¯®«®¢¨¥ ¤¥Ä

¢ïâ ¤æ â®£® ¢¥ª  ¨ à §¢¨¢ «¨áì ¯à¨ ¬¨ªà®áª®¯¨ç¥áª®¬ ¯®¤å®¤¥ ª ä¨§¨ç¥áª¨¬ ¯à®Ä

æ¥áá ¬, ¯à¥�¤¥ ¢á¥£® ¢ £ § å ¨ å¨¬¨ç¥áª¨åà¥ ªæ¨ïå. �®«¥ªã«ïà®-ª¨¥â¨ç¥áª ï â¥®Ä

à¨ï à áá¬ âà¨¢ ¥â,  ¯à¨¬¥à, £ § ª ª á®¢®ªã¯®áâì ®£à®¬®£® ç¨á«  å ®â¨ç¥áª¨ ¤¢¨Ä

�ãé¨åáï ç áâ¨æ (¬®«¥ªã«ë,  â®¬ë ¨ â.¤.), ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¬¥�¤ã á®¡®©; ¢§ ¨Ä

¬®¤¥©áâ¢¨¥ ®áãé¥áâ¢«ï¥âáï ¯à¨ áâ®«ª®¢¥¨¨ ç áâ¨æ ¨«¨ ¯à¨ ¯®¬®é¨ â¥å ¨«¨ ¨ëå

á¨«. �ë«¨ ¢ëï¢«¥ë ®á®¢ë¥ âà¥¡®¢ ¨ï,  ª« ¤ë¢ ¥¬ë¥   ¢¥à®ïâ®áâë© ¯®¤Ä

å®¤, ¯¥à¢®®ç¥à¥¤ ï § ¤ ç  ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: § ï § ª®ë ¯®¢¥Ä

¤¥¨ï ç áâ¨æ, ¨§ ª®â®àëå ¯®áâà®¥  á¨áâ¥¬ , ãáâ ®¢¨âì, ¯à¨ ¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥ ª

¡®«ìè®¬ã ç¨á«ã ç áâ¨æ, § ª®ë ¯®¢¥¤¥¨ï ¬ ªà®áª®¯¨ç¥áª®£® ª®«¨ç¥áâ¢  ¢¥é¥áâ¢ ;
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¢ ç áâ®áâ¨, ä¥®¬¥®«®£¨ç¥áª¨¥ § ª®ë, ª®â®àë¥ ãáâ  ¢«¨¢ îâ á¢ï§¨ ¬¥�¤ã ¥¯®Ä

áà¥¤áâ¢¥®  ¡«î¤ ¥¬ë¬¨ ¢¥«¨ç¨ ¬¨ (¤ ¢«¥¨¥, ®¡ê¥¬, ª®æ¥âà æ¨ï à¥ £¥â®¢

¨ â.¤.) [102℄. �ï¤®¬ ä¨§¨ç¥áª¨å íªá¯¥à¨¬¥â®¢ ¢ ¯¥à¢®© âà¥â¨ ¤¢ ¤æ â®£® ¢¥ª  ¡ë« 

¤®ª §   ¢¥à®ïâ®áâ ï ¯à¨à®¤  ¬¨ªà®¬¨à , çâ® ®ª®ç â¥«ì® ¯à¨¢¥«® ª ¯®¨¬ ¨î

¥®¡å®¤¨¬®áâ¨ ¯®áâà®¥¨ï  ¤¥ª¢ â®£® ¬ â¥¬ â¨ç¥áª®£®  ¯¯ à â . \Ǳ®á«¥ â®£®, ª ª

¬®«¥ªã«ïàë¥ ¢®§§à¥¨ï   áâà®¥¨¥ ¢¥é¥áâ¢  ¯®«ãç¨«¨ £®á¯®¤áâ¢® ¢ ä¨§¨ª¥, ¯®ï¢Ä

«¥¨¥ ¢ ä¨§¨ç¥áª¨å â¥®à¨ïå ®¢ëå áâ â¨áâ¨ç¥áª¨å (¨«¨ ¢¥à®ïâ®áâëå) ¬¥â®¤®¢ ¨áÄ

á«¥¤®¢ ¨ï áâ «® ¥¨§¡¥�ë¬" [65; á. 7℄.

� ¤ ç  ¯®áâà®¥¨ï ®á®¢ ¨ï â¥®à¨¨ á«ãç ©ëå ¯à®æ¥áá®¢ à¥è¥  ¢ 30{40-¥ £®¤ë

¯à®è«®£® áâ®«¥â¨ï à ¡®â ¬¨, ¢ ®á®¢®¬, á®¢¥âáª¨å¬ â¥¬ â¨ª®¢. � ¤ «ì¥©è¥¬à §Ä

¢¨â¨¥ â¥®à¨¨ á«ãç ©ëå ¯à®æ¥áá®¢ ¢ § ç¨â¥«ì®© áâ¥¯¥¨ ¡ë«® á¢ï§ ® á ¨§ãç¥¨¥¬

®¯à¥¤¥«¥ëå ¢ íâ®â ¯¥à¨®¤ â¥®à¥â¨ª®-¢¥à®ïâ®áâëå áå¥¬.

Ǳà¨¬¥¥¨¥ ¢¥à®ïâ®áâëå ¯®¤å®¤®¢ ª ¨áá«¥¤®¢ ¨î ¯à¨à®¤ëå ¯à®æ¥áá®¢ å à ªÄ

â¥à¨§®¢ «®áì ¯®áâ¥¯¥ë¬ ¯¥à¥å®¤®¬ ®â ¤¥â¥à¬¨¨à®¢ ëå ¬¥å ¨áâ¨ç¥áª¨å ¯à¥¤Ä

áâ ¢«¥¨© ª ¢¥à®ïâ®áâë¬ ¯à¥¤áâ ¢«¥¨ï¬. Ǳ¥à¢® ç «ì® ãà ¢¥¨ï ¬¥å ¨ª¨ ¤®Ä

¯®«ïîâáï çã�¤ë¬¨ á ¬®© ¬¥å ¨ª¥ ¢¥à®ïâ®áâë¬¨ £¨¯®â¥§ ¬¨ (á¬.   «¨§ ª¨¥Ä

â¨ç¥áª®£® ãà ¢¥¨ï �®«ìæ¬   ¢ [79℄). � «¥¥ ãá¯¥å¨ ¢ ®¯¨á ¨¨ ä¨§¨ç¥áª¨å ¯à®æ¥áÄ

á®¢ ®¢ë¬¨ ¬¥â®¤ ¬¨ ¡ë«¨ á¢ï§ ë á ®âª §®¬ ®â â¥å ¨«¨ ¨ëå ¤¥â¥à¬¨¨áâ¨ç¥áª¨å

¯à¥¤áâ ¢«¥¨© ¨ ¢¢®¤®¬ ¢¥à®ïâ®áâëå ®¯à¥¤¥«¥¨©. Ǳ®«®áâìî á¢®¡®¤ë ®â ¬¥å Ä

¨áâ¨ç¥áª¨å ¯à¥¤¯®«®�¥¨©¬ â¥¬ â¨ç¥áª¨¥ áå¥¬ë â¥®à¨¨ á«ãç ©ëå ¯à®æ¥áá®¢,ç¥¬

¬®�® ®¡êïá¨âì ª ª ã¨¢¥àá «ìãî ¯à¨«®�¨¬®áâì íâ¨å áå¥¬ ¢ à §ëå ®¡« áâïå ¥áÄ

â¥áâ¢®§ ¨ï, â ª ¨ £«ã¡¨ã à §¢¨âëå ¤«ï ¨å   «¨â¨ç¥áª¨å ¬¥â®¤®¢. � ®á®¢ ¨¨

â¥®à¥â¨ª®-¢¥à®ïâ®áâëå áå¥¬ «¥�¨â ¯®ïâ¨¥ ¢¥à®ïâ®áâ®£® ¯à®áâà áâ¢  á®¡ëâ¨©

(
;A ;P).

Ǳà®£à¥áá ¢ ¯®¨¬ ¨¨ ¯à¨à®¤ë¬¨ªà®¬¨à  ¢ ¯®á«¥¤¨¥ ¤¥áïâ¨«¥â¨ï, ¯®ï¢«¥¨¥ ¨Ä

áâàã¬¥â «ìëå áà¥¤áâ¢ ¨áá«¥¤®¢ ¨ï ¬®«¥ªã«ïà®£® áâà®¥¨ï ¢¥é¥áâ¢  ¯à¨¢¥«¨ ª

¯à ªâ¨ç¥áª®© ¥®¡å®¤¨¬®áâ¨ ¬ â¥¬ â¨ç¥áª®£® ®¯¨á ¨ï ª®ªà¥âëå ¬¨ªà®áª®¯¨ç¥áÄ

ª¨å ¯à®æ¥áá®¢. �¢¥¤¥® § ç¨â¥«ì®¥ ç¨á«® ¥ áâà®£® ®¯à¥¤¥«¥ëå ¬®¤¥«¥© (¢ë¯®«Ä

ïîé¨å á¢®¨ äãªæ¨¨ ¤«ï ã§ª¨å ª« áá®¢ ä¨§¨ç¥áª¨å ï¢«¥¨©), ¢ ª®â®àëå á®ç¥â îâáï

í«¥¬¥âë ¤¥â¥à¬¨¨à®¢ ®£® ¨ ¢¥à®ïâ®áâ®£® ¯®¤å®¤®¢. � áâ® íâ¨ ¬®¤¥«¨ ¥á®¢Ä

¬¥áâ¨¬ë á ¯®ïâ¨¥¬ ¯à®áâà áâ¢  á®¡ëâ¨©; ®¨ ®£à ¨ç¥ë ¢ ¯à¨¬¥¥¨¨   «¨â¨Ä

ç¥áª¨å ¬¥â®¤®¢. � ª�¥ ¨áá«¥¤ãîâáï ¬®¤¥«¨   ®á®¢¥ ª« áá¨ç¥áª¨å â¥®à¥â¨ª®-¢¥à®Ä

ïâ®áâëå áå¥¬, ¢ ª®â®àë¥ ¢ª«îç¥ë ¢®§¨ªè¨¥ ¢ ¬¥å ¨ª¥ ¯®ïâ¨ï,  ¯à¨¬¥à, ¯à¨

®¯¨á ¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï ¯®â¥æ¨ « § ¬¥ï¥âáï á«ãç ©ë¬¯®â¥æ¨ «®¬ [17℄, ®¯à¥¤¥Ä

«ïîâáï á«ãç ©ë¥ á¨«ë ¨ â.¤. � â ª¨å ¬®¤¥«ïå à áá¬ âà¨¢ ¥¬ë¥ ¤«ï ¢¥à®ïâ®áâëå

áå¥¬ ¯à¥¤¥«ìë¥ ¯¥à¥å®¤ë ¢ â¥å ¨«¨ ¨ëå á«ãç ïå ¯à¨¢®¤ïâ ª ¤¥â¥à¬¨¨à®¢ ë¬

á¢ï§ï¬. �àã¤®áâ¨ ¢ ¯à¨«®�¥¨ïå ¯®ª §ë¢ îâ ¥§ ¢¥àè¥®áâì â¥®à¨¨ á«ãç ©ëå

¯à®æ¥áá®¢; ¢ ç áâ®áâ¨, ¥®¤®ªà â® ®â¬¥ç « áì¥®¡å®¤¨¬®áâì ¢¢¥¤¥¨ï ¢§ ¨¬®¤¥©Ä

áâ¢¨ï ¢ â¥®à¥â¨ª®-¢¥à®ïâ®áâëå áå¥¬ å [110℄.

� §¢¨â¨¥ â¥®à¨¨ á«ãç ©ëå ¯à®æ¥áá®¢ ®¯à¥¤¥«ï¥âáï ®á®¢®¯®« £ îé¨¬¨ ª®æ¥¯Ä

æ¨ï¬¨ â¥®à¨¨ ¨ à áá¬®âà¥¨¥¬   íâ®© ®á®¢¥ ãª § ëå ¢ëè¥ äã¤ ¬¥â «ìëå

¯à®¡«¥¬ (¯à¨ ¥¤®áâ â®ç®áâ¨ ¨¬¥îé¨åáï   á¥£®¤ïè¨© ¤¥ì ä¨§¨ç¥áª¨å § ¨©,

á«ã� é¨å ¡ §®© ¢¥à®ïâ®áâ®£® ¯®¤å®¤  ¢ ¥áâ¥áâ¢¥ëå  ãª å). �¥«ì  áâ®ïé¥©

à ¡®âë { ¯®ª § âì, çâ® ¢®§¬®�ë¥ è £¨ ¢ â ª®¬  ¯à ¢«¥¨¨ ¬®£ãâ ®¯¨à âìáï

  â¥®à¥â¨ª®-¢¥à®ïâ®áâë¥ áå¥¬ë  ç «ì®£® ¯¥à¨®¤  à §¢¨â¨ï â¥®à¨¨ á«ãç ©ëå

¯à®æ¥áá®¢ ¨ ¨¬¥îé¨¥áï   «¨â¨ç¥áª¨¥ ¬¥â®¤ë â¥®à¨¨.
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(2) � à ¡®â¥ à áá¬ âà¨¢ ¥âáï ®¡®¡é¥¨¥ ®¯à¥¤¥«¥ëå ¢ à ¡®â å [79℄, [104℄ ¬ àÄ
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n
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{ § ¤ ®¥ ¬®�¥áâ¢®. � ª¨¥ ¯à®æ¥ááë ¬®¤¥«¨àãîâ è¨à®Ä

ª¨© ª« áá à¥ «ìëå á¨áâ¥¬ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¢ ä¨§¨ª¥, å¨¬¨¨, ¡¨®«®£¨¨, ¢

ª®â®àëå®¢ë¥ ç áâ¨æë ¯®ï¢«ïîâáï ¢ à¥§ã«ìâ â¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¥áª®«ìª¨å áãé¥áâÄ

¢ãîé¨å ¢ ¤ ë© ¬®¬¥â ç áâ¨æ.

�¡é¥¥ ®¯à¥¤¥«¥¨¥ ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯à¨ ¤¨áªà¥â®¬ ä Ä

§®¢®¬ ¯à®áâà áâ¢¥ ¢®§¨ª ¥â ¢ à¥§ã«ìâ â¥ á®¯®áâ ¢«¥¨ï àï¤  à ¡®â, á¢ï§ ëå ¯®Ä

á«¥¤®¢ â¥«ì®áâìî «¨â¥à âãàëå ááë«®ª [45℄:

�®«¬®£®à®¢, ���, 1938 (1931)

�¥®â®¢¨ç,����, 1935

�®£®«î¡®¢, 1946 �®«¬®£®à®¢, �¬¨âà¨¥¢, ���, 1947

�¥¢ áâìï®¢, ���, 1949

�¥¢ áâìï®¢, ���, 1951

(0.1)

�§ ¨¬®á¢ï§¨ ¬¥�¤ã ãª § ë¬¨ à ¡®â ¬¨ à áá¬ âà¨¢ îâáï ¢ £« ¢¥ 5 ®¡§®à  á

â®çª¨ §à¥¨ï á«¥¤ãîé¥£®  ¡®à  ¯®ïâ¨©, ¤ ëå ¯à¨ ¨áá«¥¤®¢ ¨¨ ¢¢¥¤¥ëå ¢ (0.1)

â¥®à¥â¨ª®-¢¥à®ïâ®áâëå áå¥¬: ®¤®ç áâ¨çë¥ ¨ ¬®£®ç áâ¨çë¥ äãªæ¨¨ à á¯à¥¤¥Ä

«¥¨ï; ãá«®¢¨ï ¥§ ¢¨á¨¬®áâ¨; á¨¬¬¥âà¨ï äãªæ¨© à á¯à¥¤¥«¥¨ï; ®¯à¥¤¥«¥¨¥ ¢§ Ä

¨¬®¤¥©áâ¢¨ï ç¥à¥§ ãá«®¢¨ï ¥§ ¢¨á¨¬®áâ¨; æ¥¯®çª  ãà ¢¥¨©; ä §®¢®¥ ¯à®áâà áâÄ

¢® âà ¥ªâ®à¨©; ª¨¥â¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ®¤®ç áâ¨ç®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï.

Ǳ® ¬¥¨î  ¢â®à  [49℄, [50℄   «¨§ á®¢®ªã¯®áâ¨ ¤ ëå ¯®ïâ¨© ¯à¨¬¥¨â¥«ì® ª

¬ àª®¢áª¨¬ ¯à®æ¥áá ¬ ¯à¨¢®¤¨â ª ¢®§¬®�®áâ¨ ®¯à¥¤¥«¥®£®, ¢ëâ¥ª îé¥£® ¨§ áå¥Ä

¬ë (0.1), è £  ¢ à §¢¨â¨¨ â¥®à¨¨ á«ãç ©ëå ¯à®æ¥áá®¢. �«ï ¯®¤â¢¥à�¤¥¨ï íâ®£®

¯à¥¤¯®«®�¥¨ï áâà®ïâáï ï¢ë¥ à¥è¥¨ï «¨¥©ëå ãà ¢¥¨© �®«¬®£®à®¢  ¤«ï ¬ àÄ

ª®¢áª¨å ¯à®æ¥áá®¢ [46℄, [56℄.

� áâ âì¥ ¯à¨¢¥¤¥ë ª ª ¨§¢¥áâë¥ à¥è¥¨ï ãà ¢¥¨© �®«¬®£®à®¢ , â ª ¨ ®¢ë¥

à¥è¥¨ï. � àª®¢áª¨¥ ¢¥â¢ïé¨¥áï ¯à®æ¥ááë á ¢§ ¨¬®¤¥©áâ¢¨¥¬å à ªâ¥à¨§ãîâáï ¯à¨Ä

¬¥¥¨¥¬ ¯à®¨§¢®¤ïé¨å äãªæ¨© ¤«ï § ¯¨á¨ ãà ¢¥¨© ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

¢ ¢¨¤¥ ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå. �§«®�¥ë¥ à¥§ã«ìâ âë ¨ ¯®áâ ®¢ª¨ § Ä

¤ ç  ¯à ¢«¥ë   ¢ë¢®¤ § ¬ªãâëå à¥è¥¨© â ª¨å ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤Ä

ëå. Ǳà¨ à¥è¥¨¨ ¥áâ æ¨® àëå ¨ áâ æ¨® àëå ãà ¢¥¨© �®«¬®£®à®¢  ¯®«ãç Ä

îâáï ¢ëà �¥¨ï ¤«ï ¯à®¨§¢®¤ïé¨å äãªæ¨© ¨áª®¬ëå ¢¥à®ïâ®áâ¥© ¢ ¢¨¤¥ àï¤®¢ ¯®

á¯¥æ¨ «ìë¬ äãªæ¨ï¬; ®á®¢ë¥   «¨â¨ç¥áª¨¥ âàã¤®áâ¨ á¢ï§ ë á áã¬¬¨à®¢ ¨Ä

¥¬ íâ¨å àï¤®¢. Ǳà¨¢¥¤¥¨¥ àï¤®¢ ª § ¬ªãâ®© ä®à¬¥ ¤ ¥â ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥Ä

¨¥ ¤«ï ¯à®¨§¢®¤ïé¨å äãªæ¨© ¨ ¯à¨ íâ®¬ ¯®¤ëâ¥£à «ìë¥ ¢ëà �¥¨ï ¯à¥®¡à §ãÄ

îâáï ª ¨¬¥îé¥¬ã ¢¥à®ïâ®áâãî ¨â¥à¯à¥â æ¨î ¢¨¤ã. �á¯®«ì§®¢ «¨áì ®àâ®£® «ìÄ



���������� ���������� Ǳ������� � ���������������

27

ë¥ ¬®£®ç«¥ë [46℄, [47℄, [61℄, [62℄, ¡¥áá¥«¥¢ëäãªæ¨¨ [43℄, [46℄, £¨¯¥à£¥®¬¥âà¨ç¥áª¨¥

äãªæ¨¨ [44℄, [59℄, [62℄, í««¨¯â¨ç¥áª¨¥ äãªæ¨¨ [51℄, [61℄.

�â¬¥â¨¬, çâ® § ¬ªãâë¥à¥è¥¨ïãà ¢¥¨©�®«¬®£®à®¢ ¤ îâ¢®§¬®�®áâì ¯à®áÄ

â®£® ¢ë¢®¤  â¥å ¨«¨ ¨ëå ¯à¥¤¥«ìëå â¥®à¥¬ ¤«ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢; ¯à¨¬¥àë â Ä

ª¨å ¯à¥¤¥«ìëå â¥®à¥¬ ¯à¨¢¥¤¥ë ¢ áâ âì¥.

� ¡®â  á®áâ®¨â ¨§ ¯ïâ¨ £« ¢. � �¤ ï £« ¢  ¯à¥¤¢ àï¥âáï ªà âª¨¬ ®¯¨á ¨¥¬ ¥¥

á®¤¥à� ¨ï. �« ¢  1 á®¤¥à�¨â ¢ë¢®¤ ®á®¢ëå ãà ¢¥¨©,   íâã £« ¢ã ®¯¨à îâáï

¢á¥ ¯®á«¥¤ãîé¨¥ £« ¢ë. �§«®�¥¨¥ ¢ ª �¤®©¨§ £« ¢ 2, 3, 4 ¥ § ¢¨á¨â ®â¤¢ãå¤àã£¨å;

¢ë¢®¤ë £« ¢ë 5 ®¯¨à îâáï   à¥§ã«ìâ âë £« ¢ë 4. �« ¢ë 2 ¨ 5 ï¢«ïîâáï ®¡§®àëÄ

¬¨, £« ¢ë 3 ¨ 4 ®á®¢ ë   à¥§ã«ìâ â å  ¢â®à . � à ¡®â¥ ¯à¨¢¥¤¥ë ¤®ª § â¥«ìáâ¢ 

â¥®à¥¬,  ®á¨à®¢ ëå ¢ ªà âª¨å § ¬¥âª å [50℄, [48℄, [40℄, ¨ ¤ ë ¥ª®â®àë¥ ®¢ë¥

à¥§ã«ìâ âë.

�¢â®à ¡« £®¤ à¥ �.�. �¥¢ áâìï®¢ã §  ¯®áâ ®¢ªã § ¤ ç¨ ® ¢¥â¢ïé¨åáï ¯à®æ¥áÄ

á å á ¢§ ¨¬®¤¥©áâ¢¨¥¬, �.�. �¨ î §  ¯à¥¤«®�¥¨¥ ®  ¯¨á ¨¨ áâ âì¨, �.�. �ã¡Ä

ª®¢ã ¨ �.�. � «ëè¥¢ã §  àï¤ § ¬¥ç ¨©, á¯®á®¡áâ¢®¢ ¢è¨å ã«ãçè¥¨î á®¤¥à� ¨ï

áâ âì¨.

�« ¢  1. �¯¥æ¨ «ìë¥ ª« ááë ¬ àª®¢áª¨å ¯à®æ¥áá®¢

Ǳ®ïâ¨¥ á¯¥æ¨ «ì®£® ª« áá  ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ¢¢¥¤¥® ¢ à ¡®â å [71℄, [104℄.

� [71℄ ®¯à¥¤¥«¥ ª« áá ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ B

1

; ¢ [104℄ ®¯à¥¤¥«¥ ª« áá ¢¥â¢ïé¨åáï

¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬B

2

¨ ®â¬¥ç¥® á®®â®è¥¨¥

M � B

2

� B

1

; (1.1)

£¤¥M { ¬®�¥áâ¢® ¢á¥å ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á á®áâ®ï¨ï¬¨ N

n

. �®®â®è¥¨¥ (1.1)

 §®¢¥¬ áâàãªâãà®© ¬®�¥áâ¢  ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á ä §®¢ë¬ ¯à®áâà áâ¢®¬N

n

.

� â¥à¨ «ë x1.1 ¨ x1.2 ï¢«ïîâáï ¯®¤£®â®¢¨â¥«ìë¬¨. � xx1.3{1.6 ¯à¨¢¥¤¥ë ®¯à¥Ä

¤¥«¥¨ï ª« áá®¢ B

1

, B

2

¨ ¤àã£¨å á¯¥æ¨ «ìëå ª« áá®¢ ®¤®à®¤ëå ¬ àª®¢áª¨å ¯à®Ä

æ¥áá®¢ á® áç¥âë¬¬®�¥áâ¢®¬ á®áâ®ï¨© ¨ ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬. � ¯®«®¬ ¨ á¨áâ¥Ä

¬ â¨ç¥áª®¬ ¢¨¤¥ ¨§«®�¥ë (á¬. â ª�¥ x2.1) ¢®§¬®�®áâ¨ § ¯¨á¨ ¢ ¢¨¤¥ ãà ¢¥¨© ¢

ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®© ¨ ¢â®à®© á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®Ä

£®à®¢  ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© á ¯®¬®éìî¬®£®¬¥àëå ¯à®¨§¢®¤ïé¨å äãªæ¨©

¨ ®¯¥à â®à  ®¡®¡é¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï (ç áâ¨ç® ®¯ã¡«¨ª®¢ ® ¢ [107℄, [108℄).

� �¤®¬ã ª« ááã á®®â¢¥âáâ¢ã¥â ®¯à¥¤¥«¥ë© ¢¨¤ â ª¨å ãà ¢¥¨© ¢ ç áâëå ¯à®Ä

¨§¢®¤ëå. � x1.7 ¤ ® ®¡®¡é¥¨¥ áâàãªâãàë (1.1). �¥§ã«ìâ âë £« ¢ë 1 ¯®ª §ë¢ îâ

¢®§¬®�®áâì ¯¥à¥®á    «¨â¨ç¥áª¨å¬¥â®¤®¢ [106℄ ¨áá«¥¤®¢ ¨ï ¢¥â¢ïé¨åáï ¯à®æ¥áÄ

á®¢ ª« áá B

1

  ¤àã£¨¥ ª« ááë ¬ àª®¢áª¨å ¯à®æ¥áá®¢.

x1.1. � àª®¢áª¨¥ ¯à®æ¥ááë   ¬®�¥áâ¢¥ á®áâ®ï¨© N

n

�¡®§ ç¨¬ N

n

= f� = (�

1

; : : : ; �

n

); �

i

= 0; 1; 2; : : : , i = 1; : : : ; ng { ¬®�¥áâ¢®

¢á¥å n-¬¥àëå ¢¥ªâ®à®¢ á ¥®âà¨æ â¥«ìë¬¨ æ¥«®ç¨á«¥ë¬¨ ª®¬¯®¥â ¬¨. � «¥¥

¤«ï�; �;  2 N

n

¯à¨ïâë ®¡®§ ç¥¨ï:  = ���, ¥á«¨ 

1

= �

1

��

1

, : : : , 

n

= �

n

��

n

;

� > �, ¥á«¨ �

1

> �

1

, : : : , �

n

> �

n

, ¨ â.¯.; j�j = �

1

+ � � �+ �

n

; áã¬¬¨à®¢ ¨¥

P

�2N

n

®¡®§ ç ¥âáï

P

�

.
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Ǳà¨¢¥¤¥¬ ®á®¢ë¥ à¥§ã«ìâ âë â¥®à¨¨ ®¤®à®¤ëå ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á® áç¥âÄ

ë¬ ¬®�¥áâ¢®¬ á®áâ®ï¨© ([30; £«. 7, x3℄, [18℄). Ǳãáâì �(t) = (�

1

(t); : : : ; �

n

(t)) { ¬ àÄ

ª®¢áª¨© ¯à®æ¥áá   ¬®�¥áâ¢¥ N

n

á ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬ t, t 2 [0;1). �¡®§ ç¨¬

¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨

P

��

(t) = Pf�(t) = � j �(0) = �g; �; � 2 N

n

:

�á«®¢¨¥ ®¤®à®¤®áâ¨ ¯à®æ¥áá  ¢® ¢à¥¬¥¨ ®§ ç ¥â, çâ®

Pf�(t

1

+ t) = � j �(t

1

) = �g = Pf�(t) = � j �(0) = �g

¤«ï ¢á¥å �; � 2 N

n

¨ t

1

; t 2 [0;1). Ǳ¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ ¯à®æ¥áá  �(t) ã¤®¢«¥Ä

â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: P

��

(t) > 0 ¯à¨ ¢á¥å �; � 2 N

n

, t 2 [0;1) (ãá«®¢¨¥

¥®âà¨æ â¥«ì®áâ¨);

P

�

P

��

(t) = 1 ¯à¨ «î¡®¬ � 2 N

n

, t 2 [0;1) (ãá«®¢¨¥ ®à¬¨à®Ä

¢ ®áâ¨);

P

��

(t) =

X



P

�

(t

1

)P

�

(t� t

1

)

¤«ï «î¡ëå �; � 2 N

n

¨ 0 6 t

1

6 t, t

1

; t 2 [0;1) (¬ àª®¢áª®¥ á¢®©áâ¢®); P

��

(0) = 1,

P

��

(0) = 0 (� 6= �) ¯à¨ ¢á¥å �; � 2 N

n

( ç «ì®¥ ãá«®¢¨¥). Ǳà¥¤¯®« £ ¥âáï, çâ®

¯à®æ¥áá �(t) áâ®å áâ¨ç¥áª¨ ¥¯à¥àë¢¥, â.¥. ¢ë¯®«¥ë ãá«®¢¨ï lim

t!0+

P

��

(t) = 1,

lim

t!0+

P

��

(t) = 0 ¯à¨ � 6= �.

�á¥£¤  áãé¥áâ¢ãîâ ª®¥çë¥ ¨«¨ ¡¥áª®¥çë¥ ¯à¥¤¥«ë

a

��

= lim

t!0+

P

��

(t)� 1

t

; a

��

= lim

t!0+

P

��

(t)

t

(� 6= �); �; � 2 N

n

:

�â¨ ¯à¥¤¥«ë  §ë¢ îâáï ¨ä¨¨â¥§¨¬ «ìë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ (¯«®â®áâï¬¨ ¢¥Ä

à®ïâ®áâ¥© ¯¥à¥å®¤®¢) ¨ § ¯¨áë¢ îâáï ª ª a

��

= (dP

��

(t)=dt)j

t=0+

, �; � 2 N

n

.

�á«¨ � 6= �, â® a

��

ª®¥ç®; a

��

«¨¡® ª®¥ç®, «¨¡® à ¢® �1; ¢® ¢á¥å á«ãç ïå

P

� 6=�

a

��

6 �a

��

. � ¯®¬®éìî ¢¥«¨ç¨ a

��

¯à®¨§¢®¤¨âáï ª« áá¨ä¨ª æ¨ï á®áâ®ïÄ

¨© ¯à®æ¥áá . �®áâ®ï¨¥ �  §ë¢ ¥âáï ¬£®¢¥ë¬, ¥á«¨ a

��

= �1. �®áâ®ï¨¥, ¥

ï¢«ïîé¥¥áï ¬£®¢¥ë¬,  §ë¢ ¥âáï à¥£ã«ïàë¬, ¥á«¨

P

� 6=�

a

��

= �a

��

.

�¥à®ïâ®áâë© á¬ëá« å à ªâ¥à¨áâ¨ª fa

��

; �; � 2 N

n

g á«¥¤ãîé¨©. �  ç «ì®¬

á®áâ®ï¨¨ � ¬ àª®¢áª¨© ¯à®æ¥áá �(t)  å®¤¨âáï ¤® á«ãç ©®£® ¬®¬¥â  ¢à¥¬¥¨ �

�

á ¯®ª § â¥«ìë¬ à á¯à¥¤¥«¥¨¥¬ Pf�

�

6 tg = 1� e

a

��

t

. �á«¨ a

��

= 0, â® ¯à®æ¥áá ¥

¢ëå®¤¨â ¨§ á®áâ®ï¨ï � (â ª®¥ á®áâ®ï¨¥  §ë¢ ¥âáï ¯®£«®é îé¨¬). �á«¨ a

��

< 0,

â® ¢ ¬®¬¥â �

�

á à á¯à¥¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥© fp

�

�

= �a

��

=a

��

, � 6= �; p

�

�

= 0g

¯à®æ¥áá ¯¥à¥å®¤¨â ¢ á®áâ®ï¨¥�; ¢ á®áâ®ï¨¨� ¯à®æ¥áá  å®¤¨âáï á«ãç ©®¥ ¢à¥¬ï �

�

;

¤ «¥¥   «®£¨ç ï í¢®«îæ¨ï ¯à®æ¥áá .

1.1.1. Ǳ¥à¢ ï ¨ ¢â®à ï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®Ä

£®à®¢ . �á«¨ ¢á¥ á®áâ®ï¨ï ¬ àª®¢áª®£® ¯à®æ¥áá  à¥£ã«ïàë, â® ¯¥à¥å®¤ë¥ ¢¥à®ïâÄ

®áâ¨ ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢¥¨©

dP

��

(t)

dt

=

X



a

�

P

�

(t); � 2 N

n

; (1.2)

á  ç «ìë¬¨ ãá«®¢¨ï¬¨ P

��

(0) = 1, P

��

(0) = 0 ¯à¨ � 6= �, ®áïé¥©  §¢ ¨¥ ¯¥àÄ

¢®© (®¡à â®©) á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®à®¢  [69℄. Ǳãáâì ¢á¥
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á®áâ®ï¨ï ¬ àª®¢áª®£® ¯à®æ¥áá  à¥£ã«ïàë ¨ ¯à¨ § ¤ ®¬ �:

P



P

�

(t)a



> �1.

�®£¤  ¯à¨ ¤ ®¬ � ¢ë¯®«¥  ¢â®à ï (¯àï¬ ï) á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥Ä

¨© �®«¬®£®à®¢  [69℄ ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

dP

��

(t)

dt

=

X



P

�

(t) a

�

; � 2 N

n

; (1.3)

á  ç «ìë¬¨ ãá«®¢¨ï¬¨ P

��

(0) = 1, P

��

(0) = 0 ¯à¨ � 6= �.

�á«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ¤«ï ¯¥à¢®© ¨ ¢â®à®© á¨áâ¥¬

ãà ¢¥¨© ¨§«®�¥ë ¢ [26; â. 1, £«. 17, x9℄, [30℄, [18℄. Ǳà¨ ¤ ëå ¢ëè¥ âà¥¡®¢ ¨ïå  

ª®íää¨æ¨¥âëa

��

¢á¥£¤  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥¬¨¨¬ «ì®¥à¥è¥¨¥ {à¥è¥¨¥,

ã¤®¢«¥â¢®àïîé¥¥ ®¡¥¨¬ á¨áâ¥¬ ¬¤¨ää¥à¥æ¨ «ìëåãà ¢¥¨© (1.2) ¨ (1.3), ãá«®¢¨Ä

ï¬ ¥®âà¨æ â¥«ì®áâ¨ ¨ ¬ àª®¢®áâ¨, ® ¤«ï ª®â®à®£®

P

�

P

��

(t) 6 1. �®áâ â®çë¬

ãá«®¢¨¥¬ ¢ë¯®«¥¨ï ¤«ï ¬¨¨¬ «ì®£® à¥è¥¨ï â®�¤¥áâ¢ 

P

�

P

��

(t) � 1 ¯à¨ ¢á¥å

� 2 N

n

ï¢«ï¥âáï,  ¯à¨¬¥à, ãá«®¢¨¥ ®£à ¨ç¥®áâ¨ ª®íää¨æ¨¥â®¢, ja

��

j < C <1

¯à¨ ¢á¥å �; � 2 N

n

[26℄. � «¥¥ ¢ à ¡®â¥ ¤«ï ¥ª®â®àëå à áá¬ âà¨¢ ¥¬ëå ãà ¢¥¨©

�®«¬®£®à®¢  à¥è¥¨¥ ¥ ¥¤¨áâ¢¥®; ¢ â ª¨å á«ãç ïå ¯à¨¢®¤¨âáï ¢ëà �¥¨¥ ¤«ï

¬¨¨¬ «ì®£® à¥è¥¨ï.

x1.2. �®£®¬¥àë¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨

�¡®§ ç¨¬ a

�

§ ç¥¨¥ ¢ â®çª¥ � ç¨á«®¢®© äãªæ¨¨, ®¯à¥¤¥«¥®©   N

n

. �®Ä

£®¬¥à®© ¯à®¨§¢®¤ïé¥© äãªæ¨¥© F (s

1

; : : : ; s

n

), á®®â¢¥âáâ¢ãîé¥© fa

�

g,  §ë¢ ¥âáï

áã¬¬  àï¤ 

F (s

1

; : : : ; s

n

) =

X

�

a

�

s

�

1

1

� � � s

�

n

n

:

�ªá¯®¥æ¨ «ì®© ¬®£®¬¥à®© ¯à®¨§¢®¤ïé¥© äãªæ¨¥© G(z

1

; : : : ; z

n

), á®®â¢¥âáâ¢ãÄ

îé¥© fa

�

g,  §ë¢ ¥âáï áã¬¬  àï¤ 

G(z

1

; : : : ; z

n

) =

X

�

z

�

1

1

� � � z

�

n

n

�

1

! � � ��

n

!

a

�

:

� «¥¥ ¯à¨¬¥ï¥âáï á®ªà é¥ ï § ¯¨áì s = (s

1

; : : : ; s

n

), s

�

= s

�

1

1

� � � s

�

n

n

, �! =

�

1

! � � ��

n

!. �«ï ¢¥ªâ®à  s = (s

1

; : : : ; s

n

) ã¯®âà¥¡«ï¥âáï ®¡®§ ç¥¨¥ 1, ¥á«¨ ¢á¥ ¥£®

ª®¬¯®¥âëà ¢ë ¥¤¨¨æ¥; ç¥à¥§ jsj ®¡®§ ç ¥âáï ¢¥ªâ®à á ª®¬¯®¥â ¬¨ js

i

j. � «®Ä

£¨çë¥ ®¡®§ ç¥¨ï ¨ ¤«ï ¢¥ªâ®à  z = (z

1

; : : : ; z

n

). Ǳ®« £ ¥¬ zs = z

1

s

1

+ � � �+ z

n

s

n

.

�¢®¤¨¬ ®¡®§ ç¥¨ï:

�

�

F (s)

�s

�

=

�

j�j

F (s

1

; : : : ; s

n

)

�s

�

1

1

� � ��s

�

n

n

;

�

[�℄

= �

[�

1

℄

1

� � ��

[�

n

℄

n

, £¤¥ �

[�

i

℄

i

= �

i

(�

i

� 1) � � � (�

i

� �

i

+ 1), i = 1; : : : ; n. �á«¨ F (s)

¥áâì ¯à®¨§¢®¤ïé ï äãªæ¨ï ¤«ï fa

�

g, â® �

�

F (s)=�s

�

¥áâì ¯à®¨§¢®¤ïé ïäãªæ¨ï ¤«ï

f�

[�℄

a

�

, � 2 N

n

g. Ǳãáâì ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨F (s),G(z) ¨¬¥îâ ¥ª®â®àë¥ ®¡« áâ¨

áå®¤¨¬®áâ¨. �®£¤  ¬¥�¤ã fa

�

g ¨ F (s), G(z) ãáâ  ¢«¨¢ ¥âáï ¢§ ¨¬® ®¤®§ ç®¥

á®®â¢¥âáâ¢¨¥:

a

�

=

1

�!

�

�

F (0)

�s

�

; a

�

=

�

�

G(0)

�z

�

:
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Ǳà®¨§¢®¤ïé ï äãªæ¨ï  §ë¢ ¥âáï ¯®«®�¨â¥«ì®©, ¥á«¨ a

�

> 0 ¯à¨ � 2 N

n

. Ǳ®Ä

«®�¨â¥«ì ï ¯à®¨§¢®¤ïé ï äãªæ¨ï F (s)  §ë¢ ¥âáï ¢¥à®ïâ®áâ®©, ¥á«¨ F (1) = 1.

�¥à®ïâ®áâ ï ¯à®¨§¢®¤ïé ïäãªæ¨ïF (s) á®®â¢¥âáâ¢ã¥â à á¯à¥¤¥«¥¨î¢¥à®ïâ®áÄ

â¥© fa

�

g   N

n

. �®�® á®®â®á¨âì ¢¥à®ïâ®áâãî ¯à®¨§¢®¤ïéãî äãªæ¨î ¥ á à áÄ

¯à¥¤¥«¥¨¥¬ fa

�

g,   á ª ª¨¬-«¨¡® á«ãç ©ë¬ ¢¥ªâ®à®¬ � = (�

1

; : : : ; �

n

), ¨¬¥îé¨¬

fa

�

g á¢®¨¬ à á¯à¥¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥©. � ¯®¬®éìî ¢¥ªâ®à  � ¤ ¥âáï íª¢¨¢ «¥âÄ

®¥ ®¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨: F

�

(s) = Es

�

. � â¥¬ â¨ç¥áÄ

ª®¥ ®�¨¤ ¨¥ E�

[�℄

 §ë¢ ¥âáï ä ªâ®à¨ «ìë¬¬®¬¥â®¬ ¯®àï¤ª  j�j = �

1

+ � � �+�

n

.

�®�® ¯®ª § âì, çâ®

E�

[�℄

=

�

�

F

�

(1)

�s

�

; (1.4)

£¤¥ ¯à®¨§¢®¤ ï ¢ â®çª¥ s = 1 ¯®¨¬ ¥âáï ª ª ¯à®¨§¢®¤ ï á«¥¢  ¯® ¢á¥¬ ª®®à¤¨ â ¬

s

i

, i = 1; : : : ; n. � ç áâ®áâ¨, ¤«ï ¬ â¥¬ â¨ç¥áª¨å ®�¨¤ ¨© ª®¬¯®¥â á«ãç ©®£®

¢¥ªâ®à  � ¨¬¥¥¬ E�

i

= (�F

�

(s)=�s

i

)j

s=1

, i = 1; : : : ; n. �ëà �¥¨¥ ¤«ï ¤¨á¯¥àá¨¨

¨¬¥¥â ¢¨¤

D�

i

=

�

2

F

�

(1)

�s

2

i

+

�F

�

(1)

�s

i

�

�

�F

�

(1)

�s

i

�

2

; i = 1; : : : ; n: (1.5)

�ã«ìâ¨¯«¨ª â¨¢®¥ á¢®©áâ¢®. �á«¨ �

(1)

; : : : ; �

(m)

{ ¥§ ¢¨á¨¬ë¥ á«ãç ©ë¥ ¢¥ªâ®Ä

àë, â® ¯à®¨§¢®¤ïé ï äãªæ¨ï ¨å áã¬¬ë à ¢  ¯à®¨§¢¥¤¥¨î ¯à®¨§¢®¤ïé¨å äãªæ¨©

á« £ ¥¬ëå, â.¥.

F

�

(1)

+���+�

(m)

(s) = F

�

(1)

(s) � � �F

�

(m)

(s): (1.6)

� ç áâ®áâ¨, ¥á«¨ �

(1)

; : : : ; �

(m)

{ ¥§ ¢¨á¨¬ë¥ ®¤¨ ª®¢® à á¯à¥¤¥«¥ë¥ á«ãç ©ë¥

¢¥ªâ®àë, â®

F

�

(1)

+���+�

(m)

(s) = F

m

�

(1)

(s): (1.7)

�®ª § â¥«ìáâ¢® (1.4){(1.7) ¨ ¤àã£¨¥ á¢¥¤¥¨ï ® ¬®£®¬¥àëå ¯à®¨§¢®¤ïé¨å äãªÄ

æ¨ïå ¨§«®�¥ë ¢ [106; £«. 4, x1℄.

x1.3. � àª®¢áª¨¥ ¯à®æ¥ááë á ¢§ ¨¬®¤¥©áâ¢¨¥¬

Ǳãáâìä¨ªá¨à®¢ ®ª®¥ç®¥¬®�¥áâ¢®¢¥ªâ®à®¢A = f"

i

2 N

n

, i = 1; : : : ; lg. � �Ä

¤®¬ã ¢¥ªâ®àã "

i

á®¯®áâ ¢¨¬ à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥©   N

n

, fp

i



> 0,

P



p

i



= 1;

p

i

"

i

= 0g, ¨  ¡®à ç¨á¥« f'

i

�

> 0, � 2 N

n

; '

i

�

= 0, ¥á«¨ ¯à¨ ¥ª®â®à®¬ k �

k

< "

i

k

g.

�«ï ¬ àª®¢áª®£® ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ �(t) ®¯à¥¤¥«ï¥¬ ¨ä¨¨â¥§¨¬ «ìë¥

å à ªâ¥à¨áâ¨ª¨ à ¢¥áâ¢ ¬¨

a

��

= �

l

X

i=1

'

i

�

; a

��

=

l

X

i=1

'

i

�

p

i

���+"

i

(� 6= �); �; � 2 N

n

: (1.8)

� ª¨¬ ®¡à §®¬, ¬ àª®¢áª¨© ¯à®æ¥áá á ¢§ ¨¬®¤¥©áâ¢¨¥¬ § ¤ ¥âáï  ¡®à®¬ "

1

; fp

1



g;

f'

1

�

g; : : : ; "

l

; fp

l



g; f'

l

�

g.

�¡®§ ç¨¬M

1

¬®�¥áâ¢® ¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬,M

1

� M . � ¬¥â¨¬, çâ®

¬ àª®¢áª¨¥ ¯à®æ¥ááë á ª®¥çë¬ ç¨á«®¬ á®áâ®ï¨© ¯à¨ ¤«¥� â ¬®�¥áâ¢ãM

1

. �âÄ

¬¥â¨¬ â ª�¥, çâ® ¯à®¨§¢®«ìë©¬ àª®¢áª¨© ¯à®æ¥áá ¨§M ¨â¥à¯à¥â¨àã¥âáï ª ª ¯à®Ä

æ¥áá á ¡¥áª®¥çë¬ ¬®�¥áâ¢®¬ A = N

n

, £¤¥ ª �¤®¬ã ¢¥ªâ®àã " 2 N

n

á®¯®áâ ¢«¥ë
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à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥©   N

n

, fp

"



= �a

"

=a

""

,  6= "; p

"

"

= 0g, ¨  ¡®à ç¨á¥«

f'

"

�

= 0, � 6= "; '

"

"

= �a

""

g.

�¯¥æ¨ «ìë¥ ª« ááë ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ¢ë¤¥«ïîâáï ¨§ ¬®�¥áâ¢  M

1

ãª Ä

§ ¨¥¬ â¨¯  äãªæ¨© '

1

; : : : ; '

l

(áà. x2.1), § ¤ îé¨å  ¡®àë ç¨á¥« f'

1

�

= '

1

(�),

� 2 N

n

g, : : : , f'

l

�

= '

l

(�), � 2 N

n

g.

1.3.1. �â¥à¯à¥â æ¨ï ¢ ¢¨¤¥ á¨áâ¥¬ë á ¯à¥¢à é¥¨ï¬¨ ç áâ¨æ. �¨§¨Ä

ç¥áª ï âà ªâ®¢ª  ¬ àª®¢áª®£® ¯à®æ¥áá  �(t) ¨§ ¬®�¥áâ¢ M

1

á®áâ®¨â ¢ á«¥¤ãîé¥¬

[104℄, [16℄. �®¡ëâ¨¥ f�(t) = �g ¬®�® ¨â¥à¯à¥â¨à®¢ âì ª ª â ª®¥ á®áâ®ï¨¥ ¥ª®â®Ä

à®© á¨áâ¥¬ë, ¢ ª®â®à®¬ ¢ ¬®¬¥â ¢à¥¬¥¨ t ¨¬¥¥âáï á®¢®ªã¯®áâì S

�

ç áâ¨æ, á®áâ®ïÄ

é ï ¨§ �

1

ç áâ¨æ â¨¯  T

1

, �

2

ç áâ¨æ â¨¯  T

2

, : : : , �

n

ç áâ¨æ â¨¯  T

n

: S

�

= �

1

T

1

+

�

2

T

2

+ � � � + �

n

T

n

. � ¤ ¤¨¬ l ª®¬¯«¥ªá®¢ ¢§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ S

"

i

, á®®â¢¥âáâ¢ãÄ

îé¨å ¢¥ªâ®à ¬ "

i

2 A. �¥à¥§ á«ãç ©®¥ ¢à¥¬ï �

i

�

, Pf�

i

�

6 tg = 1 � e

�'

i

�

t

, ¯à®Ä

¨áå®¤¨â ¢§ ¨¬®¤¥©áâ¢¨¥ ª®¬¯«¥ªá  ç áâ¨æ S

"

i

. � íâ®â ¬®¬¥â ¨§ �

1

ç áâ¨æ â¨¯  T

1

¢ë¡¨à ¥âáï "

i

1

ç áâ¨æ, ¨§ �

2

ç áâ¨æ â¨¯  T

2

¢ë¡¨à ¥âáï "

i

2

ç áâ¨æ, : : : , ¨§ �

n

ç áâ¨æ

â¨¯  T

n

¢ë¡¨à ¥âáï "

i

n

ç áâ¨æ, ¨ íâ®â ª®¬¯«¥ªá ç áâ¨æ S

"

i

á à á¯à¥¤¥«¥¨¥¬ ¢¥à®ïâÄ

®áâ¥© fp

i



g § ¬¥ï¥âáï á®¢®ªã¯®áâìî S



®¢ëå ç áâ¨æ. �¨áâ¥¬  ¨§ á®áâ®ï¨ï S

�

,

á®®â¢¥âáâ¢ãîé¥£® ¢¥ªâ®àã �, ¯¥à¥å®¤¨â ¢ á®áâ®ï¨¥ S

��"

i

+

, á®®â¢¥âáâ¢ãîé¥¥ ¢¥ªÄ

â®àã � � "

i

+ , ¨ ¤ «¥¥   «®£¨ç ï í¢®«îæ¨ï á¨áâ¥¬ë ç áâ¨æ. � á®áâ®ï¨¨ S

�

á¨áâ¥¬   å®¤¨âáï á«ãç ©®¥ ¢à¥¬ï �

�

, ¯®ª  ¥ ¯à®¨§®©¤¥â ª ª®¥-«¨¡®¨§ l ¢§ ¨¬®¤¥©Ä

áâ¢¨©, â.¥. �

�

= min(�

1

�

; : : : ; �

l

�

). Ǳà¥¤¯®« £ ¥âáï, çâ® á«ãç ©ë¥ ¢¥«¨ç¨ë �

1

�

; : : : ; �

l

�

¥§ ¢¨á¨¬ë. �®£¤  Pf�

�

6 tg = 1 � e

�('

1

�

+���+'

l

�

)t

¨ ¢¥à®ïâ®áâì, çâ® ¯à®¨§®è«®

¢§ ¨¬®¤¥©áâ¢¨¥ ª®¬¯«¥ªá  ç áâ¨æ S

"

i

, ¯à¨ ãá«®¢¨¨, çâ® ¢§ ¨¬®¤¥©áâ¢¨¥ ¯à®¨§®è«®,

à ¢ '

i

�

�

P

l

i=1

'

i

�

�

�1

[12; £«. 1, x2℄. �®§¬®�ë¥¯à¥¢à é¥¨ï ç áâ¨æ ¢ â ª®© á¨áâ¥¬¥

¯à¥¤áâ ¢¨¬ áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨©:

8

>

>

>

>

>

<

>

>

>

>

>

:

"

1

1

T

1

+ "

1

2

T

2

+ � � �+ "

1

n

T

n

! 

1

1

T

1

+ 

1

2

T

2

+ � � �+ 

1

n

T

n

;

: : :

"

i

1

T

1

+ "

i

2

T

2

+ � � �+ "

i

n

T

n

! 

i

1

T

1

+ 

i

2

T

2

+ � � �+ 

i

n

T

n

;

: : :

"

l

1

T

1

+ "

l

2

T

2

+ � � �+ "

l

n

T

n

! 

l

1

T

1

+ 

l

2

T

2

+ � � �+ 

l

n

T

n

;

(1.9)

£¤¥ á«ãç ©ë© ¢¥ªâ®à 

i

= (

i

1

; 

i

2

; : : : ; 

i

n

) ¨¬¥¥â à á¯à¥¤¥«¥¨¥ fp

i



g, i = 1; : : : ; l.

1.3.2. �â®à®¥ ãà ¢¥¨¥ ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®Ä

ïâ®áâ¥©. � áá¬®âà¨¬ ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ P

��

(t), �; � 2 N

n

, ¬ àª®¢áª®£® ¯à®Ä

æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬. �¢¥¤¥¬ ¬®£®¬¥àë¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨:

F

�

(t; s) =

X

�

P

��

(t)s

�

; � 2 N

n

; h

i

(s) =

X



p

i



s



; i = 1; : : : ; l; jsj < 1: (1.10)

� ¬¥â¨¬, çâ® F

�

(t; s) {   «¨â¨ç¥áª ï äãªæ¨ï ¯¥à¥¬¥ëå s

1

; : : : ; s

n

¢ à áá¬ âà¨Ä

¢ ¥¬®© ®¡« áâ¨, â ª ª ª jF

�

(t; s)j 6

P

�

P

��

(t)js

1

j

�

1

� � � js

n

j

�

n

6

P

�

P

��

(t) 6 1.

� «¥¥  ¬ ¯®âà¥¡ã¥âáï ®¯¥à â®à �¥«ìä®¤ {�¥®âì¥¢  ®¡®¡é¥®£® ¤¨ää¥à¥æ¨à®Ä

¢ ¨ï [29℄, [103℄, ®¯à¥¤¥«¥ë©     «¨â¨ç¥áª¨å ¢ ®ªà¥áâ®áâ¨ ã«ï äãªæ¨ïå:

D

i

�

X

�

a

�

s

�

�

=

X

�>"

i

a

�

'

i

�

s

��"

i

; i = 1; : : : ; l:

Ǳ® ®¯à¥¤¥«¥¨î ¢á¥ á®áâ®ï¨ï ¬ àª®¢áª®£® ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ à¥£ã«ïàÄ

ë; ¯ãáâì ¢ë¯®«¥ë ãá«®¢¨ï ¯. 1.1.1 ¤«ï ¢â®à®© á¨áâ¥¬ë ãà ¢¥¨©.
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�â¢¥à�¤¥¨¥ 1.1. �â®à ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®Ä

à®¢  ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ § ¯¨áë¢ ¥âáï ¢ ª®¬¯ ªâ®¬

¢¨¤¥

�F

�

(t; s)

�t

=

l

X

i=1

�

h

i

(s)� s

"

i

�

D

i

(F

�

(t; s)); F

�

(0; s) = s

�

: (1.11)

�®ª § â¥«ìáâ¢®. Ǳ®¤áâ ¢«ïï ¢ëà �¥¨ï ¤«ï ¨ä¨¨â¥§¨¬ «ìëå å à ªâ¥à¨áÄ

â¨ª (1.8) ¢ á¨áâ¥¬ã (1.3), ¯®«ãç ¥¬ æ¥¯®çªã à ¢¥áâ¢:

�F

�

(t; s)

�t

=

X

�

dP

��

(t)
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s

�

=

X

�

�
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P

�
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�

�

s

�

=

l

X
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�

X
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i

X

��+"

i
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P

�
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p
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i

s

�

�

X
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i

P
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i

�

s

�

�

=

l

X

i=1

X
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i

P

�
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s
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i

�

X

��+"

i
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p

i

��+"

i

s

��+"

i

� s

"

i

�

=

l

X

i=1

D

i

(F

�

(t; s))

�

h

i

(s)� s

"

i

�

:

�â¢¥à�¤¥¨¥ 1.1 ¤®ª § ®.

�®¯à®á ® à ¢®á¨«ì®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (1.3) ¨ ãà ¢¥¨ï (1.11) à áá¬ âà¨Ä

¢ ¥âáï ¤«ï ª®ªà¥âëå  ¡®à®¢ ç¨á¥« f'

1

�

g; : : : ; f'

l

�

g.

x1.4. �¥â¢ïé¨¥áï ¯à®æ¥ááë á ¢§ ¨¬®¤¥©áâ¢¨¥¬

�¯¥æ¨ «ìë© ª« áá ¬ àª®¢áª¨å ¯à®æ¥áá®¢ B

2

¢ë¤¥«ï¥âáï ¨§ ¬®�¥áâ¢  M

1

á«¥Ä

¤ãîé¨¬¨ ãá«®¢¨ï¬¨   f'

1

�

g; : : : ; f'

l

�

g. � ¤ ë ¬®�¥áâ¢® A = f"

i
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i

1

; : : : ; "

i

n
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i = 1; : : : ; lg, à á¯à¥¤¥«¥¨ï ¢¥à®ïâ®áâ¥© fp

i



g, i = 1; : : : ; n, ¨  ¡®àë ç¨á¥«

'

i

�

= �

i

n

Y

j=1

�

j

(�

j

� 1) � � � (�

j

� "

i

j

+ 1) = �

i

�

["

i

℄

; � 2 N

n

;

£¤¥ �

i

> 0 { ª®íää¨æ¨¥âë ¯à®¯®àæ¨® «ì®áâ¨, i = 1; : : : ; n. �ä¨¨â¥§¨¬ «ìë¥

å à ªâ¥à¨áâ¨ª¨ fa

��

, �; � 2 N

n

g ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ®¯à¥¤¥«ïÄ

îâáï à ¢¥áâ¢ ¬¨ (1.8).

�ª § ë© ¢ë¡®à ç¨á¥« f'

i

�

g ¯à¥¤«®�¥ ¢ [104℄. Ǳãáâì ¬ àª®¢áª¨© ¯à®æ¥áá  å®Ä

¤¨âáï ¢ á®áâ®ï¨¨ � = (�

1

; : : : ; �

n

), çâ® á®®â¢¥âáâ¢ã¥â  «¨ç¨î á®¢®ªã¯®áâ¨ ç áÄ

â¨æ S

�

. Ǳà¥¤¯®« £ ¥âáï, çâ® §  ¢à¥¬ï �t, �t ! 0, ¢¥à®ïâ®áâì '

i

�

�t + o(�t) ¢§ Ä

¨¬®¤¥©áâ¢¨ï ª®¬¯«¥ªá  ç áâ¨æ S

"

i

¯à®¯®àæ¨® «ì  ç¨á«ã C

"

i

1

�

1

á®ç¥â ¨© "

i

1

ç áâ¨æ

â¨¯  T

1

¨§ ¨¬¥îé¨åáï �

1

ç áâ¨æ â¨¯  T

1

, : : : , ¯à®¯®àæ¨® «ì  ç¨á«ãC

"

i

n

�

n

á®ç¥â ¨©

"

i

n

ç áâ¨æ â¨¯  T

n

¨§ ¨¬¥îé¨åáï �

n

ç áâ¨æ â¨¯  T

n

.
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2 ���, â. 57, ¢ë¯. 2

1.4.1.Ǳ¥à¢®¥ ãà ¢¥¨¥ ¤«ï íªá¯®¥æ¨ «ì®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨

¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©. �¢®¤¨¬ íªá¯®¥æ¨ «ìë¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨ ¯¥Ä

à¥å®¤ëå ¢¥à®ïâ®áâ¥©

G

�

(t; z) =

X

�

z

�

�!

P

��

(t); � 2 N

n

; (1.12)

¨ «¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨

h

i

�

�

�z

�

=

X



p

i



�



�z



; i = 1; : : : ; l:

Ǳà¨ «î¡®¬ � G

�

(t; z) { äãªæ¨ï,   «¨â¨ç¥áª ï ¯® ¯¥à¥¬¥ë¬ z

1

; : : : ; z

n

, â ª ª ª

jG

�

(t; z)j 6

X

�

jz

1

j

�

1

� � � jz

n

j

�

n

�

1

! � � ��

n

!

P

��

(t) 6 e

jz

1

j+���+jz

n

j

: (1.13)

�¥®à¥¬  1.2 [108℄. �ªá¯®¥æ¨ «ì ï ¯à®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®Ä

ïâ®áâ¥© G

�

(t; z) ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯à¨ «î¡®¬ � 2 N

n

ã¤®¢«¥â¢®àï¥â «¨¥©®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î ¢ ç áâëå ¯à®¨§¢®¤Ä

ëå

�G

�

(t; z)

�t

=

l

X

i=1

�

i

z

"

i

�

h

i

�

�

�z

�

�

�

"

i

�z

"

i

�

G

�

(t; z); G

�

(0; z) =

z

�

�!

: (1.14)

�®ª § â¥«ìáâ¢®. �«ï ¢ë¢®¤  ãà ¢¥¨ï (1.14) á¢¥àâë¢ ¥âáï á ¯®¬®éìî ¬®Ä

£®¬¥à®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨ (1.12) ¯¥à¢ ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥Ä

¨© (1.2) ¤«ï ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬:

dP

��

(t)

dt

=

l

X

i=1

X

��+"

i

>0

�

i

�

["

i

℄

p

i

��+"

i

P

�

(t)�

l

X

i=1

�

i

�

["

i

℄

P

��

(t); � 2 N

n

; (1.15)

 ç «ìë¥ ãá«®¢¨ï P

��

(0) = 1, P

��

(0) = 0 ¯à¨ � 6= �. �§ (1.13) á«¥¤ã¥â, çâ®

àï¤ (1.12) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯® t ¯à¨ ä¨ªá¨à®¢ ®¬ z. Ǳà®¨§¢®¤ ï

�G

�

(t; z)=�t à ¢  áã¬¬¥ àï¤ 

X

�

z

�

�!

dP

��

(t)

dt

;

¯®áª®«ìªã ¯®á«¥¤¨© áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯® t. �¥©áâ¢¨â¥«ì®, ¨§ (1.15)

á«¥¤ãîâ ¥à ¢¥áâ¢ :

�

�

�

�

X

j�j6L

z

�

�!

dP

��

(t)

dt

�

�

�

�

=

�

�

�

�

X

j�j6L

z

�

�!

l

X

i=1

X

��+"

i

>0

�

i

�

["

i

℄

p

i

��+"

i

P

�

(t)�

X

j�j6L

z

�

�!

l

X

i=1

�

i

�

["

i

℄

P

��

(t)

�

�

�

�

6

l

X

i=1

�

i

X

�>"

i

jzj

�

(�� "

i

)!

X

r

p

i

r

+

l

X

i=1

�

i

X

�>"

i

jzj

�

(�� "

i

)!

= 2e

jz

1

j+���+jz

n

j

l

X

i=1

�

i

jzj

"

i

<1;
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¨ ¯à¨¬¥ï¥¬ ¯à¨§ ª �¥©¥àèâà áá  à ¢®¬¥à®© áå®¤¨¬®áâ¨ àï¤ . Ǳ®á«¥ á¤¥« ëå

§ ¬¥ç ¨© § ª®  á«¥¤ãîé ï æ¥¯®çª  à ¢¥áâ¢:

�G

�

(t; z)

�t

=

X

�

z

�

�!

dP

��

(t)

dt

=

X

�

z

�

�!

�

X



a

�

P

�

(t)

�

=

l

X

i=1

�

i

z

"

i

�

X

�>"

i

X

��+"

i

>0

z

��"

i

(�� "

i

)!

p

i

��+"

i

P

�

(t)�

X

�>"

i

z

��"

i

(�� "

i

)!

P

��

(t)

�

=

l

X

i=1

�

i

z

"

i

�

X

r

p

i

r

X

�r>0

z

�r

( � r)!

P

�

(t)�

X

��"

i

>0

z

��"

i

(�� "

i

)!

P

��

(t)

�

=

l

X

i=1

�

i

z

"

i

�

X

r

p

i

r

�

r

G

�

(t; z)

�z

r

�

�

"

i

G

�

(t; z)

�z

"

i

�

=

l

X

i=1

�

i

z

"

i

�

h

i

�

�

�z

�

�

�

"

i

�z

"

i

�

G

�

(t; z):

�á«®¢¨¥ G

�

(0; z) = z

�

=�! á«¥¤ã¥â ¨§  ç «ì®£® ãá«®¢¨ï ¤«ï á¨áâ¥¬ë (1.15). �¥®à¥Ä

¬  1.2 ¤®ª §  .

1.4.2. �â®à®¥ ãà ¢¥¨¥ ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®Ä

ïâ®áâ¥©. �á¯®«ì§ã¥¬ ¬®£®¬¥àë¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨ (1.10).

�¥®à¥¬  1.3 [104℄. Ǳà®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© F

�

(t; s)

¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯à¨ «î¡®¬ � 2 N

n

ã¤®¢«¥â¢®àï¥â

¯à¨ jsj 6 1 «¨¥©®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î ¢ ç áâëå ¯à®¨§¢®¤ëå

�F

�

(t; s)

�t

=

l

X

i=1

�

i

�

h

i

(s)� s

"

i

�

�

"

i

F

�

(t; s)

�s

"

i

; F

�

(0; s) = s

�

: (1.16)

�®ª § â¥«ìáâ¢®. �â®à ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.3) ¤«ï ¢¥âÄ

¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯®«ãç ¥â ¢¨¤:

dP

��

(t)

dt

=

l

X

i=1

X

��+"

i

>0

P

�

(t)�

i



["

i

℄

p

i

��+"

i

�

l

X

i=1

P

��

(t)�

i

�

["

i

℄

; � 2 N

n

: (1.17)

�ï¤ F

�

(t; s) =

P

�

P

��

(t)s

�

áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯® t ¯à¨ ä¨ªá¨à®¢ Ä

®¬ s, jsj < 1. �ï¤

P

�

(dP

��

(t)=dt)s

�

áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯® t ¯à¨
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2

*

jsj < 1 { ¥£® áã¬¬  à ¢  �F

�

(t; s)=�t. �¥©áâ¢¨â¥«ì®, ¨§ (1.17) á«¥¤ãîâ ¥à ¢¥áâÄ

¢ : ¯à¨ jsj < 1

�

�

�

�

X

j�j6L

dP

��

(t)

dt

s

�

�

�

�

�

=

�

�

�

�

X

j�j6L

l

X

i=1

X

��+"

i

>0

P

�

(t)�

i
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i

℄

p

i

��+"

i

s

�

�

X

j�j6L

l

X

i=1

P

��

(t)�

i

�
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i

℄

s

�

�

�

�

�

6

l

X

i=1

�

i

jsj

"

i

X

>"

i



["

i

℄

jsj

�"

i

X

r

p

i

r

+

l

X

i=1

�

i

jsj

"

i

X

�>"

i

�

["

i

℄

jsj

��"

i

= 2

l

X

i=1

�

i

jsj

"

i

n

Y

j=1

1

1� js

j

j

<1;

¨ ¨á¯®«ì§ã¥¬ ¯à¨§ ª �¥©¥àèâà áá  à ¢®¬¥à®© áå®¤¨¬®áâ¨ àï¤ . Ǳ®«ãç ¥¬ ãà ¢Ä

¥¨¥ (1.16), á¢¥àâë¢ ï á¨áâ¥¬ã (1.17):

�F

�

(t; s)

�t

=

X

�

dP

��

(t)

dt

s

�

=

X

�

�

X



P

�

(t)a

�

�

s

�

=

l

X

i=1

�

i

�

X

>"

i

X

��+"

i

>0

P

�

(t)
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i

℄

p

i

��+"

i

s

�

�

X

�>"

i

P

��

(t)�
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i

℄

s

�

�

=

l

X

i=1

�

i

X

>"

i

P

�

(t)

["

i

℄

s

�"

i

�

X

��+"

i

>0

p

i

��+"

i

s

��+"

i

� s

"

i

�

=

l

X

i=1

�

i

�

"

i

F

�

(t; s)

�s

"

i

�

h

i

(s)� s

"

i

�

:

�ë ¯®ª § «¨ á¯à ¢¥¤«¨¢®áâì ãà ¢¥¨ï (1.16) ¯à¨ jsj < 1. �¯à ¢¥¤«¨¢®áâì ãà ¢¥Ä

¨ï ¯à¨ jsj 6 1 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¥¯à¥àë¢®áâ¨. �¥®à¥¬  1.3 ¤®ª §  .

�¢¥¤¥¬ ¤¢®©ãî ¯à®¨§¢®¤ïéãî äãªæ¨î

F(t; z; s) =

X

�

z

�

�!

F

�

(t; s) =

X

�;�

z

�

�!

P

��

(t)s

�

=

X

�

G

�

(t; z)s

�

:

�«¥¤áâ¢¨¥ 1.4. Ǳà®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© F(t; z; s)

¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ã¤®¢«¥â¢®àï¥â ¯à¨ jsj 6 1 ãà ¢¥¨Ä

ï¬

�F

�t

=

l

X

i=1

�

i

z

"

i

�

h

i

�

�

�z

�

�

�

"

i

�z

"

i

�

F; (1.18)

�F

�t

=

l

X

i=1

�

i

�

h

i

(s)� s

"

i

�

�

"

i

F

�s

"

i

; F(0; z; s) = e

zs

: (1.19)
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x1.5. �¥â¢ïé¨¥áï ¯à®æ¥ááë

�¯¥æ¨ «ìë© ª« áá ¬ àª®¢áª¨å ¯à®æ¥áá®¢ B

1

¢ë¤¥«ï¥âáï ¨§ ª« áá  B

2

ãá«®¢¨ïÄ

¬¨ j"

i

j 6 1, i = 1; : : : ; l. Ǳãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ A = f"

1

= (1; 0; : : : ; 0), "

2

=

(0; 1; 0; : : : ; 0), : : : , "

l

= (0; : : : ; 0; 1; 0; : : : ; 0)g. �®£¤  '

i

�

= �

i

�

i

, � 2 N

n

, i = 1; : : : ; l, ¨

¢â®à®¥ ãà ¢¥¨¥ �®«¬®£®à®¢  (1.16) ¯®«ãç ¥â ¢¨¤

�F

�

(t; s)

�t

=

l

X

i=1

�

i

�

h

i

(s)� s

i

�

�F

�

(t; s)

�s

i

; F

�

(0; s) = s

�

: (1.20)

�¥è¥¨¥ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª  (1.20) ®¡« ¤ ¥â á¢®©áâÄ

¢®¬ ¢¥â¢«¥¨ï [106; £«. 4, x2, ä®à¬ã«  (3)℄:

F

�

(t; s) = F

�

1

"

1

(t; s)F

�

2

"

2

(t; s) � � �F

�

l

"

l

(t; s)s

�

l+1

l+1

� � � s

�

n

n

; � 2 N

n

: (1.21)

�¢®©áâ¢® ¢¥â¢«¥¨ï { ®á®¢®¥ á¢®©áâ¢®, ¢ë¤¥«ïîé¥¥ ¨§ ¬ àª®¢áª¨å ¯à®æ¥áá®¢

ª« áá ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢, { á®áâ®¨â ¢ â®¬, çâ® ¥á«¨ á®áâ®ï¨¥ ¯à®æ¥áá  ¨â¥à¯à¥Ä

â¨à®¢ âì ª ª  «¨ç¨¥ á®¢®ªã¯®áâ¨ ç áâ¨æ, â® ç áâ¨æë, áãé¥áâ¢ãîé¨¥ ¢ ¬®¬¥â ¢à¥Ä

¬¥¨ t

1

, ¢ «î¡®© á«¥¤ãîé¨© ¬®¬¥â t

1

+ t, t > 0, í¢®«îæ¨®¨àãîâ ¨ ¤ îâ ®¢ë¥ ç áÄ

â¨æë ¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£ . �â® á«¥¤ã¥â ¨§ áà ¢¥¨ï ä®à¬ã«ë (1.21) ¨ á¢®©áâ¢

(1.6) ¨ (1.7) ¯à®¨§¢®¤ïé¨å äãªæ¨© [106; £«. 4, x2℄.

�¥®à¥¬  1.5. Ǳà®¨§¢®¤ïé¨¥ äãªæ¨¨ F

"

1

(t; s); : : : ; F

"

l

(t; s) ¯¥à¥å®¤ëå ¢¥à®ïâÄ

®áâ¥© ¢¥â¢ïé¥£®áï ¯à®æ¥áá  ã¤®¢«¥â¢®àïîâ ¯à¨ jsj 6 1 á¨áâ¥¬¥ ¥«¨¥©ëå

®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:
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>

>

>

<

>

>

>

>

:

�F

"

1

(t; s)

�t

= �

1

�

h

1

(F

"

1

(t; s); : : : ; F

"

l

(t; s); s

l+1

; : : : ; s

n

)� F

"

1

(t; s)

�

;

: : :

�F

"

l

(t; s)

�t

= �

l

�

h

l

(F

"

1

(t; s); : : : ; F

"

l

(t; s); s

l+1

; : : : ; s

n

)� F

"

l

(t; s)

�

;

(1.22)

á  ç «ìë¬¨ ãá«®¢¨ï¬¨ F

"

1

(0; s) = s

1

, : : : , F

"

l

(0; s) = s

l

.

�®ª § â¥«ìáâ¢® ®á®¢ ®   á¢®©áâ¢¥ ¢¥â¢«¥¨ï (1.21) (á¬. [106; £«. 4, x3, â¥®à¥Ä

¬  3℄). �«ï á«ãç ï n = 1 ¢ë¢®¤ ¥«¨¥©®£® ãà ¢¥¨ï ¯à¨¢¥¤¥ ¢ x5.1.

� áâ¨æë â¨¯®¢ T

l+1

; : : : ; T

n

 §ë¢ îâáï ä¨ «ìë¬¨ [106; £«. 5℄. �á«¨ ¬®�¥áâÄ

¢ã A ¯à¨ ¤«¥�¨â ¢¥ªâ®à "

0

= (0; : : : ; 0) { â®£¤  '

0

�

= �

0

, � 2 N

n

, â® ¢¥â¢ïé¨©áï

¯à®æ¥áá  §ë¢ ¥âáï ¯à®æ¥áá®¬ á ¨¬¬¨£à æ¨¥© ç áâ¨æ [106; £«. 7℄.

�¨áâ¥¬ â¨ç¥áª®¥ ¨§«®�¥¨¥ â¥®à¨¨ ¢¥â¢ïé¨åáï á«ãç ©ëå ¯à®æ¥áá®¢ ¤ ® ¢ ¬®®Ä

£à ä¨¨ [106℄. �¡§®àà¥§ã«ìâ â®¢ â¥®à¨¨ ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ á®¤¥à�¨âà ¡®â  [122℄.

x1.6. �« áá B

3

Ǳà¨¢¥¤¥¬ ®¯à¥¤¥«¥¨¥ á«¥¤ãîé¥£® ª« áá  ¬ àª®¢áª¨å ¯à®æ¥áá®¢ [42℄. � ¤ ® ¬®Ä

�¥áâ¢® A = f"

1

= (1; 0; : : : ; 0), "

2

= (0; 1; 0; : : : ; 0), : : : , "

l

= (0; : : : ; 0; 1; 0; : : : ; 0)g;

ª �¤®¬ã ¢¥ªâ®àã "

i

á®¯®áâ ¢«¥® à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥© fp

i



g;  ¡®àë ç¨á¥«
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f'

i

�

g ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. Ǳãáâì U

i

(x) { äãªæ¨ï à á¯à¥¤¥«¥¨ï ¥®âà¨Ä

æ â¥«ì®© á«ãç ©®© ¢¥«¨ç¨ë, ¨ ¯ãáâì U

i

(x) { ¡¥§£à ¨ç® ¤¥«¨¬ ï äãªæ¨ï à áÄ

¯à¥¤¥«¥¨ï; i = 1; : : : ; l. �§¢¥áâ® [26; â. 2, £«. 13, x7℄, çâ® ¥¥ ¯à¥®¡à §®¢ ¨¥� ¯« á 

¨¬¥¥â ¢¨¤

Z

1

0

e

�px

U

i

fdxg = e

� 

i

(p)

; p > 0;

£¤¥  

i

(p) =

Z

1

0

x

�1

(1 � e

�px

)P

i

fdxg ¨ P

i

{ â ª ï ¬¥à , çâ®

Z

1

1

x

�1

P

i

fdxg < 1.

Ǳ®«®�¨¬ '

i

�

=  

i

(�

i

), � 2 N

n

, i = 1; : : : ; l, ¨ ®¯à¥¤¥«¨¬ ¨ä¨¨â¥§¨¬ «ìë¥ å à ªÄ

â¥à¨áâ¨ª¨ fa

��

, �; � 2 N

n

g ¬ àª®¢áª®£® ¯à®æ¥áá  ¨§ ª« áá  B

3

à ¢¥áâ¢ ¬¨ (1.8).

�ë¡®à ç¨á¥« f'

1

�

g; : : : ; f'

l

�

g á¢ï§  á® á¢®©áâ¢ ¬¨ ¯à®æ¥áá®¢ à®�¤¥¨ï ¨ £¨¡¥«¨ áâ¥Ä

¯¥®£® â¨¯ , ¨§«®�¥ë¬¨¤ «¥¥ ¢ ¯. 2.1.2 ¨ x5.4 (á¬. â ª�¥ [42℄). �« áá ¯à®æ¥áá®¢B

3

 ¨¡®«¥¥ ¡«¨§®ª ª ª« ááã ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢B

1

: ¥á«¨ à á¯à¥¤¥«¥¨¥ U

i

(x) á®áà¥Ä

¤®â®ç¥® ¢ â®çª¥ �

i

(�

i

> 0), â® '

i

�

= �

i

�

i

, � 2 N

n

; i = 1; : : : ; l, { ¯®«ãç ¥¬ ¯à®æ¥áá

¨§ ª« áá B

1

.

x1.7. �âàãªâãà  ¬®�¥áâ¢  ¬ àª®¢áª¨å ¯à®æ¥áá®¢

�¡®¡é¥¨¥ áâàãªâãàë (1.1) ¤«ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á® áç¥âë¬ ¬®�¥áâ¢®¬ á®Ä

áâ®ï¨© ¯®«ãç ¥â ¢¨¤:

M � M

1

� B

2

[ [

B

3

� B

1

; B

2

\B

3

= B

1

; (1.23)

£¤¥ B

1

{ ª« áá ¬ àª®¢áª¨å ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢, B

2

{ ª« áá ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢

á ¢§ ¨¬®¤¥©áâ¢¨¥¬, ª« áá B

3

®¯à¥¤¥«¥ ¢ x1.6 ¨ ¬®�¥áâ¢®M

1

®¯¨á ® ¢ x1.3. �®Ä

�¥áâ¢ M

1

, B

2

, B

1

, B

3

®¯à¥¤¥«¥ë ãª § ¨¥¬ ¢ ª �¤®¬ á«ãç ¥ ¨ä¨¨â¥§¨¬ «ìëå

å à ªâ¥à¨áâ¨ª fa

��

, �; � 2 N

n

g.

�¥«¨¥©®¥ á¢®©áâ¢® ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (1.21), ¨¬¥îé¥¥ ¬¥áâ® ¤«ï ¬ àª®¢Ä

áª¨å ¯à®æ¥áá®¢ ¨§ á¯¥æ¨ «ì®£® ª« áá B

1

, ®¯à¥¤¥«¨«® ¢®§¬®�®áâì ¯®áâà®¥¨ï ¬®éÄ

®£®   «¨â¨ç¥áª®£®  ¯¯ à â  ¤«ï ¨áá«¥¤®¢ ¨ï ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ [106; á. 8{9℄.

� á¢ï§¨ á® áâàãªâãà®© (1.23) ¢®§¨ª ¥â á«¥¤ãîé ï § ¤ ç : ¢ëï¢¨âì ¥«¨¥©®¥ á¢®©Ä

áâ¢® ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¤«ï ¤àã£¨å á¯¥æ¨ «ìëå ª« áá®¢.

�« ¢  2. Ǳà¨«®�¥¨ï ¢ ä®à¬ «ì®© ª¨¥â¨ª¥

� àª®¢áª¨¥ ¯à®æ¥ááë á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ª ª ç áâë¥ á«ãç ¨ ¬ àª®¢áª¨å ¯à®æ¥áÄ

á®¢   N

n

®¯à¥¤¥«ï«¨áì ¢ ¡®«ìè®¬ ç¨á«¥ à ¡®â, ¯®á¢ïé¥ëå ª®ªà¥âë¬ § ¤ ç ¬

ä¨§¨ç¥áª®© ª¨¥â¨ª¨, å¨¬¨ç¥áª®© ª¨¥â¨ª¨, ¤¨ ¬¨ª¥ ¯®¯ã«ïæ¨© ¢ íª®«®£¨ç¥áª¨å

á¨áâ¥¬ å, ¢ â¥®à¨¨ ¬ áá®¢®£® ®¡á«ã�¨¢ ¨ï ¨ ¤à., çâ® ®¡êïáï¥âáï  £«ï¤®áâìî

ä §®¢®£® ¯à®áâà áâ¢  N

n

. �  áâ®ïé¥© ¨ ¯®á«¥¤ãîé¨å £« ¢ å ¤ ¥âáï ®¡§®à àï¤ 

à¥§ã«ìâ â®¢ ¤«ï à §«¨çëå áå¥¬ ¢§ ¨¬®¤¥©áâ¢¨©.

� áâàãªâãà¥ (1.23) ¢ë¡®à ¨ä¨¨â¥§¨¬ «ìëå å à ªâ¥à¨áâ¨ª ¤«ï ª« áá®¢ ¬ àª®¢Ä

áª¨å ¯à®æ¥áá®¢B

1

, B

2

, B

3

®¯à¥¤¥«¥ ä¥®¬¥®«®£¨ç¥áª¨¬¨ § ª® ¬¨ ª¨¥â¨ª¨. �¥âÄ

¢ïé¨¥áï ¯à®æ¥ááë ª« áá  B

1

®¯¨áë¢ îâ íªá¯®¥æ¨ «ìë© à®áâ ç¨á«  \ ªâ¨¢ëå"

ç áâ¨æ    ç «ì®© áâ ¤¨¨ æ¥¯®© à¥ ªæ¨¨ [22℄; ¯à®æ¥ááë ª« áá B

3

á®®â¢¥âáâ¢ãîâ

áâ¥¯¥®¬ã à®áâã ç¨á«  \ ªâ¨¢ëå" ç áâ¨æ ¢ à¥ ªæ¨¨ â ª®£® �¥ â¨¯  [124℄. � ¯. 2.1.2
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¯à¨¢¥¤¥ë â¥®à¥¬ë®¡  á¨¬¯â®â¨ç¥áª®¬¯®¢¥¤¥¨¨ áà¥¤¥£® ç¨á«  ç áâ¨æ ¢ ¯à®æ¥áá å

à®�¤¥¨ï ¨ £¨¡¥«¨ «¨¥©®£®, áâ¥¯¥®£® ¨ ¯ã áá®®¢áª®£® â¨¯®¢. � x2.2 ¤ ë¬®¤¥«¨

å¨¬¨ç¥áª¨å à¥ ªæ¨© ¢ ¢¨¤¥ ¯à®æ¥áá®¢ ¨§ ª« áá®¢B

1

¨B

2

. � à ¡®â¥ [79℄ ¡ë«  ãáâ ®¢Ä

«¥  á¢ï§ì ¬¥�¤ã ¬®¤¥«ìî ¡¨¬®«¥ªã«ïà®© å¨¬¨ç¥áª®© à¥ ªæ¨¨ ¢ ¢¨¤¥ ¬ àª®¢áª®£®

¯à®æ¥áá  ¨§ ª« áá  B

2

¨ ¬ ªà®áª®¯¨ç¥áª¨¬ ®¯¨á ¨¥¬ ª¨¥â¨ª¨ â ª®© à¥ ªæ¨¨ { § Ä

ª®®¬ ¤¥©áâ¢ãîé¨å ¬ áá. �®¤¥«ï¬¨ á ¬ëå à §®®¡à §ëå à¥ ªæ¨© ¬®£ãâ á«ã�¨âì

¯à®æ¥ááë ¨§ ¬®�¥áâ¢ M

1

.

�â®å áâ¨ç¥áª¨¥¬®¤¥«¨ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ç áâ¨æ ¯à¨¤¨áªà¥âëå á®áâ®ï¨ïå,á®¢Ä

¯ ¤ îé¨¥ á à áá¬ âà¨¢ ¥¬ë¬¨ ¢ áâ âì¥, ¨§ãç «¨áì ç¥à¥§ ç¨á«¥ë© íªá¯¥à¨¬¥â

(á¬.,  ¯à¨¬¥à, [94℄, [95℄, [109℄, £¤¥ ¨áá«¥¤®¢ «¨áì à¥ «ìë¥ ä¨§¨ª®-å¨¬¨ç¥áª¨¥ ï¢Ä

«¥¨ï). � x2.3 ªà âª® ¨§«®�¥ë à¥§ã«ìâ âë áâ â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï ¢¥â¢ïÄ

é¥£®áï ¯à®æ¥áá  á® áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨© ¢¨¤  \å¨é¨ª{�¥àâ¢ ".

x2.1. �¨¯ë ¯à®æ¥áá®¢ à®�¤¥¨ï ¨ £¨¡¥«¨

Ǳãáâì ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ P

ij

(t) = Pf�

t

= j j �

0

= ig ®¤®à®¤®£® ¬ àª®¢áª®Ä

£® ¯à®æ¥áá  �

t

, t 2 [0;1),   ¬®�¥áâ¢¥ á®áâ®ï¨© N = f0; 1; 2; : : :g ¯à¥¤áâ ¢¨¬ë ¯à¨

t! 0+ ¢ ¢¨¤¥:

P

i;i�1

(t) = '

i

p

0

t+ o(t); P

ii

(t) = 1� '

i

t+ o(t); P

i;i+1

(t) = '

i

p

2

t+ o(t); (2.1)

£¤¥ p

0

> 0, p

2

> 0, p

0

+ p

2

= 1; '

0

= 0; '

i

> 0 ¯à¨ i = 1; 2; : : : . �  ç «ì®¬ á®áâ®ïÄ

¨¨ i ¯à®æ¥áá  å®¤¨âáï á«ãç ©®¥ ¢à¥¬ï �

i

, Pf�

i

6 tg = 1� e

�'

i

t

; § â¥¬ ¯à®¨áå®¤¨â

¯¥à¥å®¤ ¢ á®áâ®ï¨¥ i�1 á ¢¥à®ïâ®áâìî p

0

¨«¨ ¢ á®áâ®ï¨¥ i+1 á ¢¥à®ïâ®áâìî p

2

; ¤ Ä

«¥¥   «®£¨ç ï í¢®«îæ¨ï ¯à®æ¥áá , ¯à¨ç¥¬ á®áâ®ï¨¥ 0 ¯®£«®é îé¥¥. �«ï â ª®£®

¯à®æ¥áá  \¢«®�¥ ï æ¥¯ì � àª®¢ " ï¢«ï¥âáï á«ãç ©ë¬ ¡«ã�¤ ¨¥¬   N á ¯®£«®Ä

é îé¥© £à ¨ç®© â®çª®© 0.

Ǳà®æ¥áá à®�¤¥¨ï ¨ £¨¡¥«¨ �

t

¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®æ¥áá ¨§ ¬®�¥áâ¢ M

1

á ª®¬¯Ä

«¥ªá®¬ ¢§ ¨¬®¤¥©áâ¢¨ï " = 1. �«ï ¯à®æ¥áá®¢ ¨§M

1

â®«ìª® ¢ á«ãç ¥ ®¤®£® ª®¬¯«¥ªá 

¢§ ¨¬®¤¥©áâ¢¨ï [48℄ ¬®�® § ¯¨á âì ¯¥à¢ãî ¨ ¢â®àãî á¨áâ¥¬ë ãà ¢¥¨© ¤«ï ¯¥à¥Ä

å®¤ëå ¢¥à®ïâ®áâ¥© ¢ ª®¬¯ ªâ®¬ ¢¨¤¥, ¨á¯®«ì§ãï ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨. � «¥¥

¯à¨¬¥ïîâáï ®¯¥à â®à ®¡®¡é¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï D

z

¨ á®¡áâ¢¥ ï äãªæ¨ï

íâ®£® ®¯¥à â®à  e(z) [29℄:

D

z

�

1

X

j=0

a

j

z

j

�

=

1

X

j=1

a

j

'

j

z

j�1

; e(z) =

1

X

i=0

z

i

'

1

� � �'

i

: (2.2)

�¢¥¤¥¬ á«¥¤ãîé¨¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨:

G

j

(t; z) =

1

X

i=0

z

i

'

1

� � �'

i

P

ij

(t); j 2 N; F

i

(t; s) =

1

X

j=0

P

ij

(t)s

j

; i 2 N; jsj < 1:

�â¢¥à�¤¥¨¥ 2.1. Ǳ¥à¢ ï ¨ ¢â®à ï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�®«¬®£®à®¢  ¤«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ �

t

§ ¯¨áë¢ îâáï ¢ ¢¨¤¥:

�G

j

(t; z)

�t

= z(p

2

D

2

z

+ p

0

�D

z

)G

j

(t; z); G

j

(0; z) =

z

j

'

1

� � �'

j

; (2.3)

�F

i

(t; s)

�t

= (p

2

s

2

+ p

0

� s)D

s

(F

i

(t; s)); F

i

(0; s) = s

i

: (2.4)
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�®ª § â¥«ìáâ¢®. Ǳ¥à¢ ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.2) ¢ á«ãç ¥

¯à®æ¥áá  �

t

¨¬¥¥â ¢¨¤:

dP

0j

(t)

dt

= �'

0

P

0j

(t);

dP

ij

(t)

dt

= p

0

'

i

P

i�1;j

(t)� '

i

P

ij

(t) + p

2

'

i

P

i+1;j

(t); i = 1; 2; : : : ;

á  ç «ìë¬¨ ãá«®¢¨ï¬¨ P

ii

(0) = 1, P

ij

(0) = 0 ¯à¨ i 6= j. �á¯®«ì§ãï ®¯à¥¤¥«¥¨¥

äãªæ¨¨G

j

(t; z), ¯®«ãç ¥¬ ãà ¢¥¨¥ (2.3):

�G

j

�t

=

1

X

i=0

z

i

'

1

� � �'

i

dP

ij

(t)

dt

= zp

2

1

X

i=1

z

i�1

'

1

� � �'

i�1

P

i+1;j

(t)

� z

1

X

i=1

z

i�1

'

1

� � �'

i�1

P

ij

(t) + zp

0

1

X

i=1

z

i�1

'

1

� � �'

i�1

P

i�1;j

(t)

= zp

2

D

2

z

(G

j

)� zD

z

(G

j

) + zp

0

G

j

= z(p

2

D

2

z

�D

z

+ p

0

)G

j

:

�à ¢¥¨¥ (2.4) ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ãà ¢¥¨ï (1.11). �â¢¥à�¤¥¨¥ 2.1 ¤®Ä

ª § ®.

�¢¥¤¥¬ ¤¢®©ãî ¯à®¨§¢®¤ïéãî äãªæ¨î

F(t; z; s) =

1

X

i=0

z

i

'

1

� � �'

i

F

i

(t; s) =

1

X

i;j=0

z

i

'

1

� � �'

i

P

ij

(t)s

j

=

1

X

j=0

G

j

(t; z)s

j

: (2.5)

�«¥¤áâ¢¨¥ 2.2. Ǳ¥à¢ ï ¨ ¢â®à ï á¨áâ¥¬ë ãà ¢¥¨© ¤«ï ¯à®æ¥áá  �

t

§ ¯¨Ä

áë¢ îâáï ¢ ¢¨¤¥:

�F

�t

= z(p

2

D

2

z

+ p

0

�D

z

)F; (2.6)

�F

�t

= (p

2

s

2

+ p

0

� s)D

s

(F); F(0; z; s) = e(zs): (2.7)

� § ¢¨á¨¬®áâ¨ ®â äãªæ¨¨'

i

= '(i) ®¯à¥¤¥«ïîâ â¨¯ë ¬ àª®¢áª¨å ¯à®æ¥áá®¢ [104℄.

�«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ ¯ã áá®®¢áª®£® â¨¯  ¯®« £ îâ '

0

= 0, '

i

= �,

i = 1; 2; : : : (� > 0), â®£¤  D

z

(f) = �(f(z) � f(0))=z ¨ e(z) = �=(� � z). �«ï ¯à®Ä

æ¥áá  «¨¥©®£® â¨¯  ¯®« £ îâ '

i

= i� + �

1

; ¯à®æ¥áá ¯à¨ ¤«¥�¨â ª« ááã B

1

. �áÄ

«¨ '

i

= i�, â® D

z

= � (d=dz) ¨ e(z) = e

z

. �«ï ¯à®æ¥áá  ª¢ ¤à â¨ç®£® â¨¯  [38℄

¯®« £ îâ '

i

= i

2

� + i�

1

+ �

2

. �á«¨ '

i

= i(i � 1)�, â® D

z

= �z (d

2

=dz

2

) ¨ ¯à®Ä

æ¥áá ¯à¨ ¤«¥�¨â ª« ááã B

2

. �«ï ¯à®æ¥áá  ¯®«¨®¬¨ «ì®£® â¨¯  [82℄ ¯®« £ îâ

'

i

= i

k

� + i

k�1

�

1

+ � � � + �

k

; ¢ ç áâ®áâ¨, ¨áá«¥¤ãîâáï ¯à®æ¥ááë ªã¡¨ç¥áª®£® ¨ ¡¨Ä

ª¢ ¤à â¨ç®£® â¨¯®¢ [81℄. �«ï ¯à®æ¥áá  áâ¥¯¥®£® â¨¯  '

i

= i

�

�, 0 < � < 1.

�à ¢¥¨ï �®«¬®£®à®¢  ¤«ï à áá¬ âà¨¢ ¥¬ëå ¯à®æ¥áá®¢ à®�¤¥¨ï ¨ £¨¡¥«¨

¨¬¥îâ ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¯à¨ ®¤®¬ ¨§ á«¥¤ãîé¨å ãá«®¢¨© [30; £«. 7, x4℄: «¨¡®

p

0

> p

2

; «¨¡® p

0

< p

2

¨

P

1

i=1

'

�1

i

=1.
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2.1.1. �®çë¥ à¥è¥¨ï ãà ¢¥¨© �®«¬®£®à®¢ . �¨á«® á«ãç ¥¢, ¤«ï ª®â®Ä

àëå ã¤ ¥âáï  ©â¨ ï¢®¥ à¥è¥¨¥ ¯¥à¢®© ¨ ¢â®à®© á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥Ä

¨© ¤«ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á® áç¥âë¬ ¬®�¥áâ¢®¬ á®áâ®ï¨©, ¥¢¥«¨ª®; ¨§¢¥áâÄ

ë¥ à¥è¥¨ï ®â®áïâáï ª ®¯à¥¤¥«¥ë¬ ¢ëè¥ ¯à®æ¥áá ¬ à®�¤¥¨ï ¨ £¨¡¥«¨ ¨ ¥ª®â®Ä

àë¬ ¨å ¬®¤¨ä¨ª æ¨ï¬.

� «¥¥ ¨á¯®«ì§ã¥âáï ®¡®§ ç¥¨¥ Æ

i

i

= 1, Æ

i

j

= 0 ¯à¨ i 6= j.

Ǳà®æ¥áá ¯à®áâ®© £¨¡¥«¨. Ǳ®« £ ï ¢ ®¯à¥¤¥«¥¨¨ (2.1) p

0

= 1, ¯®«ãç ¥¬ ¯à®æ¥áá

¯à®áâ®© £¨¡¥«¨; ¢â®à®¥ ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

�F

i

(t; s)

�t

= (1� s)D

s

(F

i

(t; s)); F

i

(0; s) = s

i

:

�«ï ¯à®æ¥áá  £¨¡¥«¨ ¢ëà �¥¨ï ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©, ¥á«¨ áà¥¤¨ ç¨á¥« '

i

¥â à ¢ëå, á«¥¤ãîé¨¥: P

0j

(t) = Æ

0

j

, j 2 N; P

ij

(t) = 0 ¯à¨ j > i > 1; ¯à¨ j 6 i

P

ij

(t) = '

j+1

� � �'

i

i

X

n=j

e

�'

n

t

('

i

� '

n

) � � � ('

n+1

� '

n

)('

n�1

� '

n

) � � � ('

j

� '

n

)

: (2.8)

Ǳà®æ¥áá ç¨áâ®£® à®�¤¥¨ï. Ǳ®« £ ï ¢ ®¯à¥¤¥«¥¨¨ (2.1) p

2

= 1, ¯®«ãç ¥¬ ¤«ï

¯à®æ¥áá  à®�¤¥¨ï ¢â®à®¥ ãà ¢¥¨¥

�F

i

(t; s)

�t

= (s

2

� s)D

s

(F

i

(t; s)); F

i

(0; s) = s

i

:

�ëà �¥¨ï ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©, ¥á«¨ áà¥¤¨ ç¨á¥« '

i

¥â à ¢ëå, ¨¬¥îâ

¢¨¤ [30℄: P

0j

(t) = Æ

0

j

, j 2 N; P

ij

(t) = 0 ¯à¨ j < i; ¯à¨ j > i > 1

P

ij

(t) = '

i

� � �'

j�1

j

X

n=i

e

�'

n

t

('

i

� '

n

) � � � ('

n�1

� '

n

)('

n+1

� '

n

) � � � ('

j

� '

n

)

: (2.9)

Ǳà®æ¥áá à®�¤¥¨ï ¨ £¨¡¥«¨ ¯ã áá®®¢áª®£® â¨¯ . �â®à®¥ ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

�F

i

(t; s)

�t

= �(p

2

s

2

+ p

0

� s)

F

i

(t; s)� F

i

(t; 0)

s

; F

i

(0; s) = s

i

:

�¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¯à¨¢®¤¨â ª ä®à¬ã« ¬ ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (0 <

p

0

< 1) [27℄, [93℄: P

0j

(t) = Æ

0

j

, j 2 N;

P

i0

(t) = i

Z

t

0

e

��x

�

p

0

p

2

�

i=2

I

i

(2

p

p

0

p

2

�x) dx; i = 1; 2; : : : ;

P

ij

(t) = e

��t

�

p

0

p

2

�

(i�j)=2

�

I

i�j

(2

p

p

0

p

2

�t)� I

i+j

(2

p

p

0

p

2

�t)

�

; i; j 6= 0;

(2.10)

£¤¥ I

i

(t) { ¬®¤¨ä¨æ¨à®¢ ë¥ äãªæ¨¨ �¥áá¥«ï.
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Ǳà®æ¥ááà®�¤¥¨ï¨£¨¡¥«¨«¨¥©®£®â¨¯ . Ǳãáâì¢ãà ¢¥¨¨ (2.4)D

s

= � (d=ds).

�¥è¥¨¥ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª  ¨¬¥¥â ¢¨¤ [71℄, [106℄

(p

0

6= p

2

):

F

i

(t; s) =

�

p

0

(1� e

(p

0

�p

2

)�t

)� s(p

0

� p

2

e

(p

0

�p

2

)�t

)

p

2

� p

0

e

(p

0

�p

2

)�t

� sp

2

(1� e

(p

0

�p

2

)�t

)

�

i

; i 2 N: (2.11)

�¢®¥ à¥è¥¨¥ ãà ¢¥¨ï �®«¬®£®à®¢  ¢ á«ãç ¥ p

0

= p

2

,   â ª�¥ ¤«ï ¤àã£¨å ¯à®æ¥áÄ

á®¢ à®�¤¥¨ï ¨ £¨¡¥«¨ «¨¥©®£® â¨¯  ¯à¨¢¥¤¥ë ¢ [106℄. Ǳà®æ¥ááë «¨¥©®£® â¨¯ 

à áá¬ âà¨¢ «¨áì ¢ [75℄, [37℄ ¨ ¤à.

2.1.2. �¥à®ïâ®áâë¥ ¬®¤¥«¨ æ¥¯ëå à¥ ªæ¨©. �  â®¬®© ä¨§¨ª¥  ç «ìÄ

ãî áâ ¤¨î ï¤¥àëå æ¥¯ëå à¥ ªæ¨© ®¯¨áë¢ îâ ª®«¨ç¥áâ¢®¬ x(t) \ ªâ¨¢®£®" ¢¥Ä

é¥áâ¢  ¢ ¬®¬¥â ¢à¥¬¥¨ t, t 2 [0;1), [106℄; ¯®¤à®¡®¥ ®¯¨á ¨¥ ä¨§¨ç¥áª¨å ¯à®æ¥áÄ

á®¢ â ª®£® ¢¨¤  ¬®�®  ©â¨ ¢ [22℄, [33℄, [119℄, [21℄. �®«¨ç¥áâ¢® ¢¥é¥áâ¢  x(t) ¬®�¥â

à áâ¨ ¯® íªá¯®¥æ¨ «ì®¬ã, áâ¥¯¥®¬ã ¨«¨ «¨¥©®¬ã § ª®ã. Ǳà¨ ®¯¨á ¨¨ à®áâ 

\ ªâ¨¢®£®" ¢¥é¥áâ¢  ¢ æ¥¯®© à¥ ªæ¨¨ ¯à¨¬¥ï¥âáï ãà ¢¥¨¥ ä®à¬ «ì®© ª¨¥â¨Ä

ª¨ [23℄

_x = �x

�

; x(0) = x

0

; 0 6 � 6 1; (2.12)

£¤¥ ª®íää¨æ¨¥â � > 0  §ë¢ ¥âáï ª®áâ â®© áª®à®áâ¨ à¥ ªæ¨¨. �á«¨ ¢ ãà ¢¥Ä

¨¨ (2.12) � = 1, â® x(t) = x

0

e

�t

. Ǳà¨ 0 < � < 1 à¥è¥¨¥ ¨¬¥¥â ¢¨¤

x(t) =

�

(1� �)

�

x

1��

0

1� �

+ �t

��

1=(1��)

; (2.13)

á«¥¤®¢ â¥«ì®, x(t) � C

0

(�t)

1=(1��)

¯à¨ t!1, £¤¥ C

0

> 0. �á«¨ ¢ ãà ¢¥¨¨ (2.12)

� = 0, â® x(t) = x

0

+ �t.

�¥â¥à¬¨¨à®¢ ®© ¬®¤¥«¨ (2.12) á®®â¢¥âáâ¢ã¥â ¢¥à®ïâ®áâ ï ¬®¤¥«ì æ¥¯®© à¥Ä

 ªæ¨¨ ¢ ¢¨¤¥ ¬ àª®¢áª®£® ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ �

t

: ¯à®æ¥áá ¨§ ¬®�¥áâ¢ M

1

®¯à¥¤¥«ï¥âáï  ¡®à®¬ " = 1, fp

0

; p

2

> 0, p

0

+ p

2

= 1g, f'

0

= 0, '

i

> 0, i =

1; 2; : : : g. Ǳà¨ ¨â¥à¯à¥â æ¨¨ á®¡ëâ¨ï f�

t

= ig ª ª  «¨ç¨ï i ç áâ¨æ â¨¯  T ¨¬¥¥¬

áå¥¬ã T ! kT , k = 0; 2, ª®£¤  «¨¡® ®¤  ç áâ¨æ  \ ªâ¨¢®£®" â¨¯  T á ¢¥à®ïâ®áâìî

p

0

¨áç¥§ ¥â, «¨¡® á ¢¥à®ïâ®áâìî p

2

¯®ï¢«ïîâáï ¤¢¥ ®¢ë¥ ç áâ¨æë â¨¯  T . Ǳ®«®Ä

�¨¬ h(s) = p

0

+ p

2

s

2

. �¥à®ïâ®áâãî ¬®¤¥«ì å à ªâ¥à¨§ã¥â áà¥¤¥¥ ç¨á«® ç áâ¨æ

A

i

(t) = E(�

t

j �

0

= i) ¢ ¬®¬¥â ¢à¥¬¥¨ t.

�®¤¥«ì æ¥¯®© à¥ ªæ¨¨ íªá¯®¥æ¨ «ì®£® à®áâ . �«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥Ä

«¨ «¨¥©®£® â¨¯ , ¢ ª®â®à®¬ '

i

= �i, i 2 N (� > 0), ¨¬¥¥¬ ¢â®à®¥ ãà ¢¥¨¥ ¤«ï

¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

�F

i

(t; s)

�t

= �(h(s)� s)

�F

i

(t; s)

�s

; F

i

(0; s) = s

i

: (2.14)

�«ï ¬ â¥¬ â¨ç¥áª®£® ®�¨¤ ¨ï ç¨á«  ç áâ¨æ A

i

(t) = (�F

i

(t; s)=�s)j

s=1

¨§ (2.14)

¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯® s ¯®«ãç ¥¬ ãà ¢¥¨¥

dA

i

dt

= aA

i

; A

i

(0) = i

(£¤¥ a = �(h

0

(1)� 1)), á®¢¯ ¤ îé¥¥ á ãà ¢¥¨¥¬ (2.12) ¯à¨ � = 1.
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�¥®à¥¬  2.3 [106℄, [33℄. �«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ «¨¥©®£® â¨¯ 

A

i

(t) = ie

at

: (2.15)

�¨á«® a  §ë¢ ¥âáï ¯ à ¬¥âà®¬ ªà¨â¨ç®áâ¨. �á«¨ a > 0, â® áà¥¤¥¥ ç¨áÄ

«® \ ªâ¨¢ëå" ç áâ¨æ à áâ¥â ¯® íªá¯®¥æ¨ «ì®¬ã § ª®ã. � â¥®à¨¨ ¢¥â¢ïé¨åáï

¯à®æ¥áá®¢ à áá¬ âà¨¢ ¥âáï ®¡é ï áå¥¬  T ! kT , ª®£¤  ¨§ ®¤®© ç áâ¨æë á à á¯à¥Ä

¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥© fp

k

g ¯®ï¢«ï¥âáï k ®¢ëå ç áâ¨æ. �®£¤  ¢ ãà ¢¥¨¨ (2.14)

h(s) =

P

1

k=0

p

k

s

k

¨ ä®à¬ã«  (2.15) â ª�¥ ¨¬¥¥â ¬¥áâ®. � â ¡«¨æ¥ ¯à¨¢¥¤¥ë ¢¥à®ïâÄ

®áâ¨ p

k

¢®§¨ª®¢¥¨ï k ¢â®à¨çëå ¥©âà®®¢ ¯à¨ ¤¥«¥¨¨ ï¤¥à ãà  

235

U â¥¯«®Ä

¢ë¬¨ ¥©âà® ¬¨ [22℄.

k 0 1 2 3 4 5 6 7

p

k

0:0333 0:1745 0:3349 0:3028 0:1231 0:0281 0:0032 0:0001

�®¤¥«ì æ¥¯®© à¥ ªæ¨¨ áâ¥¯¥®£® à®áâ . �¥à®ïâ®áâ®© ¬®¤¥«ìî æ¥¯®© à¥ ªÄ

æ¨¨, á®®â¢¥âáâ¢ãîé¥© § ª®ã (2.13), ï¢«ï¥âáï ¯à®æ¥áá à®�¤¥¨ï ¨ £¨¡¥«¨, ¯à¨ ¤Ä

«¥� é¨© ª« ááã B

3

. Ǳãáâì U(x) { äãªæ¨ï à á¯à¥¤¥«¥¨ï ¥®âà¨æ â¥«ì®© á«ãç ©Ä

®© ¢¥«¨ç¨ë ¨ U(x) { äãªæ¨ï à á¯à¥¤¥«¥¨ï ãáâ®©ç¨¢®£® § ª®  á ¯ à ¬¥âà®¬ �,

0 < � < 1. Ǳà¥®¡à §®¢ ¨¥ � ¯« á  à á¯à¥¤¥«¥¨ï U(x) [26; â. 2, £«. 13, x6℄:

!(p) =

Z

1

0

e

�px

Ufdxg = e

� (p)

; p > 0;

£¤¥  (p) = �p

�

¨ � > 0. �«¥¤ãï ®¯à¥¤¥«¥¨î x1.6, ¯®«ãç ¥¬ '

i

= �i

�

, i 2 N.

�¥®à¥¬  2.4 [125℄. Ǳãáâì ¤«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ áâ¥¯¥®£® â¨¯ 

¯ à ¬¥âà ªà¨â¨ç®áâ¨ a > 0 ¨ 1=2 < � < 1. �®£¤  ¯à¨ t!1

A

i

(t) � C

i

(at)

1=(1��)

; C

i

> 0:

� «®£¨çë¥ à¥§ã«ìâ âë ¯®«ãç¥ë ¢ à ¡®â¥ [14℄.

�®¤¥«ì æ¥¯®© à¥ ªæ¨¨ «¨¥©®£® à®áâ . �«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ¤«ï á«ãç ï,

ª®£¤  '

0

= 0, '

i

= �, i = 1; 2; : : : , ¯®«ãç¥® ¢ [93℄, ¨áå®¤ï ¨§ ï¢ëå ¢ëà �¥¨© (2.10)

¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©.

�¥®à¥¬  2.5 [93℄. Ǳãáâì ¤«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ ¯ã áá®®¢áª®£® â¨Ä

¯  ¯ à ¬¥âà ªà¨â¨ç®áâ¨ a > 0. �®£¤  ¯à¨ t!1

A

i

(t) � C

i

at; C

i

> 0:

� áá¬®âà¥ë¥ § ª®ë ¤«ï à®áâ  áà¥¤¥£® ç¨á«  \ ªâ¨¢ëå" ç áâ¨æ ¢ æ¥¯ëå à¥Ä

 ªæ¨ïå ¨§®¡à �¥ë   à¨á. 1.

�¨á. 1. �à¥¤¨¥ ¤«ï áå¥¬ ¢¨¤  T ! kT �¨á. 2. �à¥¤¨¥ ¤«ï áå¥¬ ¢¨¤  T

1

!

T

2

! T

3
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x2.2. � àª®¢áª¨¥ ¬®¤¥«¨ å¨¬¨ç¥áª¨å à¥ ªæ¨©

�¡éãî áå¥¬ã å¨¬¨ç¥áª®© à¥ ªæ¨¨, ¢ ª®â®à®© ãç áâ¢ãîâ à¥ £¥âë T

1

; : : : ; T

n

, § Ä

¯¨áë¢ îâ ¢ ¢¨¤¥ (1.9) ¯à¨ ä¨ªá¨à®¢ ëå ¢¥ªâ®à å 

1

; : : : ; 

l

[23℄. �â¤¥«ì ï áâà®Ä

ª  ¢ áå¥¬¥ (1.9) á®®â¢¥âáâ¢ã¥â í«¥¬¥â à®¬ã  ªâã à¥ ªæ¨¨. �¨¥â¨ªã å¨¬¨ç¥áª®©

à¥ ªæ¨¨ ®¯¨áë¢ îâ ª®«¨ç¥áâ¢®¬ x

i

(t) à¥ £¥â  T

i

¢ ¬®¬¥â ¢à¥¬¥¨ t, t 2 [0;1);

i = 1; : : : ; n. �ãªæ¨¨ x

1

(t); : : : ; x

n

(t) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©

8

>

<

>

:

_x

1

= f

1

(x

1

; : : : ; x

n

);

: : :

_x

n

= f

n

(x

1

; : : : ; x

n

);

á  ç «ìë¬¨ ãá«®¢¨ï¬¨ x

1

(0) = x

0

1

, : : : , x

n

(0) = x

0

n

. �¨¤ äãªæ¨© f

1

; : : : ; f

n

®¯à¥¤¥Ä

«ï¥âáï ¨áå®¤ï ¨§ § ª®®¢ ä®à¬ «ì®© å¨¬¨ç¥áª®© ª¨¥â¨ª¨ [23℄.

�¥à®ïâ®áâë¥ ¬®¤¥«¨ å¨¬¨ç¥áª¨å à¥ ªæ¨© ¢ ¢¨¤¥ ¬ àª®¢áª¨å ¯à®æ¥áá®¢   ä §®Ä

¢®¬ ¯à®áâà áâ¢¥ N

n

¡ë«¨ ¢¢¥¤¥ë ¢ [79℄. � §®®¡à §ë¥ ¯à¨¬¥àë â ª¨å ¬ àª®¢áª¨å

¯à®æ¥áá®¢ ¤ ë ¢ [10; £«. 8, \Ǳà¨«®�¥¨ï ¢ å¨¬¨¨"℄ ¨ ¢ à ¡®â¥ [89℄. �¥â¢ïé¨©áï ¯à®Ä

æ¥áá á® áå¥¬®© (1.9) ¨ ä¨ªá¨à®¢ ë¬¨ ¢¥ªâ®à ¬¨ 

1

; : : : ; 

l

®¯à¥¤¥«¥ ¢ [92℄ ¨  §¢ 

\®¡®¡é¥ë¬ ¯à®æ¥áá®¬ à®�¤¥¨ï ¨ £¨¡¥«¨". Ǳ®¤à®¡®¥ ®¯¨á ¨¥ ä¨§¨ç¥áª¨å âà¥Ä

¡®¢ ¨©, ¯à¨ ª®â®àëå ¤®¯ãáâ¨¬® ¯à¥¤áâ ¢«¥¨¥ å¨¬¨ç¥áª®© à¥ ªæ¨¨ ª ª ¬ àª®¢áª®£®

¯à®æ¥áá , ¬®�®  ©â¨ ¢ [121; xx 7.1, 7.2℄. � «¥¥ ¯à¨¢¥¤¥ë ®á®¢ë¥ ãà ¢¥¨ï å¨Ä

¬¨ç¥áª®© ª¨¥â¨ª¨ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¬ àª®¢áª¨¥ ¯à®æ¥ááë   N

n

.

�â¬¥â¨¬, çâ® áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨© (1.9) ¬®�¥â ¡ëâì ãçâ¥® ª ª ®¡à §®¢ ¨¥ ª®Ä

¥ç®£® ¯à®¤ãªâ  ¢ å¨¬¨ç¥áª®© à¥ ªæ¨¨ (¯à®æ¥ááë á ç áâ¨æ ¬¨ ä¨ «ìëå â¨¯®¢),

â ª ¨ ¯®áâã¯«¥¨¥ à¥ £¥â®¢ ¢ á¨áâ¥¬ã ¨§¢¥ (¯à®æ¥ááë á ¨¬¬¨£à æ¨¥© ç áâ¨æ).

2.2.1. �®®¬®«¥ªã«ïàë¥ à¥ ªæ¨¨. �¨¬¨ç¥áª¨¥ à¥ ªæ¨¨, ¢ í«¥¬¥â à®¬

 ªâ¥ ª®â®àëå ãç áâ¢ã¥â ®¤  ç áâ¨æ ,  §ë¢ îâáï ¬®®¬®«¥ªã«ïàë¬¨; áå¥¬  (1.9)

¯®«ãç ¥â ¢¨¤

8

>

<

>

:

T

1

! 

1

1

T

1

+ 

1

2

T

2

+ � � �+ 

1

n

T

n

;

: : :

T

l

! 

l

1

T

1

+ 

l

2

T

2

+ � � �+ 

l

n

T

n

:

(2.16)

�®¤¥«ï¬¨ ¬®®¬®«¥ªã«ïàëå å¨¬¨ç¥áª¨å à¥ ªæ¨© á«ã� â ¬ àª®¢áª¨¥ ¯à®æ¥ááë

¨§ ª« áá  B

1

[105℄. � [106; £«. 4, x6℄ ¤   ª« áá¨ä¨ª æ¨ï â¨¯®¢ ç áâ¨æ ¢¥â¢ïé¥£®áï

¯à®æ¥áá , ï¢«ïîé ïáï ª« áá¨ä¨ª æ¨¥© áå¥¬ ¢¨¤  (2.16). � ¬ �¥, £«. 4, x4, ¨§«®�¥Ä

ë ®¡é¨¥ ¬¥â®¤ë ¢ëç¨á«¥¨ï áà¥¤¥£® ç¨á«  ç áâ¨æ â¨¯  T

i

, i = 1; : : : ; n; ¢ £«. 4,

x7, ¨áá«¥¤®¢ ë  á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  áà¥¤¨å ¯à¨ t !1 ¢ ¥à §«®�¨¬ëå ¢¥âÄ

¢ïé¨åáï ¯à®æ¥áá å ¨ ãª § ®   à §®®¡à §¨¥  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥¨ï áà¥¤¨å ¢

à §«®�¨¬ëå ¯à®æ¥áá å. �«ï å¨¬¨ç¥áª¨å à¥ ªæ¨© áå¥¬ë ¢¨¤  (2.16) á®®â¢¥âáâ¢ãîâ,

ª ª ¯à ¢¨«®, à §«®�¨¬ë¬ ¯à®æ¥áá ¬; ª â ª¨¬ ¯à®æ¥áá ¬ ®â®áïâáï á«¥¤ãîé¨¥ ¯à¨Ä

¬¥àë.

�¥ ªæ¨ï T

1

! T

2

. �¥ ªæ¨ï ®¯¨áë¢ ¥âáï ª®«¨ç¥áâ¢®¬ x

1

(t) à¥ £¥â  T

1

¨ ª®«¨ç¥áâÄ

¢®¬ x

2

(t) à¥ £¥â  T

2

. Ǳ®« £ îâ á¯à ¢¥¤«¨¢ë¬ § ª® ª¨¥â¨ª¨ [23℄

_x

1

= ��x

1

; _x

2

= �x

1

; (2.17)

£¤¥ � > 0 { ª®áâ â  áª®à®áâ¨ à¥ ªæ¨¨.
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�¥â¥à¬¨¨à®¢ ®© ¬®¤¥«¨ (2.17) á®®â¢¥âáâ¢ã¥â ¯à®æ¥áá ¯à¥¢à é¥¨ï ç áâ¨æ

¨§ ª« áá  B

1

á ¤¢ã¬ï â¨¯ ¬¨ ç áâ¨æ T

1

, T

2

¨ ®¤¨¬ ª®¬¯«¥ªá®¬ ¢§ ¨¬®¤¥©áâ¢¨ï

[10℄, [89℄: ¬ àª®¢áª¨© ¯à®æ¥áá �(t) = (�

1

(t); �

2

(t)), t 2 [0;1),   ¬®�¥áâ¢¥ á®áâ®ï¨©

N

2

, ®¯à¥¤¥«ï¥¬ë©  ¡®à®¬ " = (1; 0), fp

(0;1)

= 1g, f'

�

= ��

1

, � 2 N

2

, � > 0g.

�â®à®¥ ãà ¢¥¨¥ �®«¬®£®à®¢  ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

F

(�

1

;�

2

)

(t; s

1

; s

2

) ¨¬¥¥â ¢¨¤

�F

�

(t; s)

�t

= �(s

2

� s

1

)

�F

�

(t; s)

�s

1

; (2.18)

 ç «ì®¥ ãá«®¢¨¥ ¢®§ì¬¥¬ F

�

(0; s) = s

�

1

1

.

�«ï áà¥¤¥£® ç¨á«  ç áâ¨æ A

1

(t) = E�

1

(t), A

2

(t) = E�

2

(t) ¤¨ää¥à¥æ¨à®¢ ¨Ä

¥¬ (2.18) ¯® s

1

¨«¨ s

2

¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨©

dA

1

dt

= ��A

1

;

dA

2

dt

= �A

1

á  ç «ìë¬¨ ãá«®¢¨ï¬¨ A

1

(0) = �

1

, A

2

(0) = 0. �âáî¤  A

1

(t) = �

1

e

��t

, A

2

(t) =

�

1

(1� e

��t

). �¥è¥¨¥ ãà ¢¥¨ï (2.18) ¨¬¥¥â ¢¨¤

F

(�

1

;0)

(t; s

1

; s

2

) =

�

s

1

e

��t

+ s

2

(1� e

��t

)

�

�

1

: (2.19)

�«ï ¤¨á¯¥àá¨¨ ç¨á«  ç áâ¨æD

1

(t) = D�

1

(t),D

2

(t) = D�

2

(t) ¨§ (2.19) ¯® ä®à¬ã«¥ (1.5)

¯®«ãç ¥¬D

1

(t) = D

2

(t) = �

1

e

��t

(1� e

��t

).

Ǳà®¨§¢®¤ïé ï äãªæ¨ï (2.19) á®®â¢¥âáâ¢ã¥â ¡¨®¬¨ «ì®¬ãà á¯à¥¤¥«¥¨î   á®Ä

áâ®ï¨ïå f(�

1

; 0); (�

1

� 1; 1); : : : ; (0; �

1

)g; â¥®à¥¬  �ã ¢à {� ¯« á  ®¡  ¯¯à®ªá¨¬ Ä

æ¨¨¡¨®¬¨ «ì®£®à á¯à¥¤¥«¥¨ï ®à¬ «ìë¬à á¯à¥¤¥«¥¨¥¬¯®«ãç ¥â á«¥¤ãîé¨©

¢¨¤.

�¥®à¥¬  2.6. Ǳãáâì �

i

(t) { ç¨á«® ç áâ¨æ â¨¯  T

i

¢ ¬®¬¥â ¢à¥¬¥¨ t ¤«ï

¢¥â¢ïé¥£®áï ¯à®æ¥áá  á® áå¥¬®© T

1

! T

2

¨ ¢ ¬®¬¥â ¢à¥¬¥¨ t = 0 ¨¬¥«®áì �

1

ç áâ¨æ â¨¯  T

1

. �®£¤  ¯à¨ ä¨ªá¨à®¢ ®¬ t > 0

lim

�

1

!1

P

�

�

i

(t)�A

i

(t)

p

D

i

(t)

6 x

�

=

1

p

2�

Z

x

�1

e

�u

2

=2

du; i = 1; 2: (2.20)

Ǳà¨ ¡«î¤¥¨¨ §  å¨¬¨ç¥áª®©à¥ ªæ¨¥© ¯®«ãç îâ ¡®à íªá¯¥à¨¬¥â «ìëå¤ Ä

ëå, ¯® à¥§ã«ìâ â ¬ áâ â¨áâ¨ç¥áª®© ®¡à ¡®âª¨ ª®â®àëå  å®¤ïâ ¯à¨¡«¨�¥¨ï ¤«ï

ª¨¥â¨ç¥áª¨å ªà¨¢ëå x

1

(t), x

2

(t). Ǳà¨ íâ®¬, ª ª ¯à ¢¨«®, ¯à¥¤¯®« £ ¥âáï, çâ® íªáÄ

¯¥à¨¬¥â «ìë¥ â®çª¨ ®âª«®¥ë ®â ª¨¥â¨ç¥áª®© ªà¨¢®© á®£« á® ®à¬ «ì®¬ã § Ä

ª®ã. Ǳà¥¤¥«ì ï â¥®à¥¬  2.6 ¯®ª §ë¢ ¥â, çâ® ¯à¨ ãá«®¢¨ïå à áá¬ âà¨¢ ¥¬®© ¢¥à®Ä

ïâ®áâ®© ¬®¤¥«¨ ®âª«®¥¨¥ \íªá¯¥à¨¬¥â «ìëå" § ç¥¨© �

i

(t) ®â § ç¥¨© A

i

(t)

à á¯à¥¤¥«¥® ¯® ®à¬ «ì®¬ã § ª®ã.

Ǳ®á«¥¤®¢ â¥«ì ï à¥ ªæ¨ï T

1

! T

2

! T

3

. � [97℄ à áá¬®âà¥ à §«®�¨¬ë© ¢¥â¢ïÄ

é¨©áï ¯à®æ¥áá á âà¥¬ï â¨¯ ¬¨ ç áâ¨æ T

1

, T

2

, T

3

¨ áå¥¬®© ¯à¥¢à é¥¨© ç áâ¨æ

�

T

1

! 

1

1

T

1

+ 

1

2

T

2

+ 

1

3

T

3

;

T

2

! 

2

2

T

2

+ 

2

3

T

3

:

(2.21)
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Ǳà®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© F

(�

1

;�

2

;�

3

)

(t; s

1

; s

2

; s

3

) ã¤®¢«¥â¢®Ä

àï¥â ¢â®à®¬ã ãà ¢¥¨î (� > 0, � > 0)

�F

�

(t; s)

�t

= �(h

1

(s

1

; s

2

; s

3

)� s

1

)

�F

�

(t; s)

�s

1

+ �(h

2

(s

2

; s

3

)� s

2

)

�F

�

(t; s)

�s

2

; (2.22)

 ç «ì®¥ ãá«®¢¨¥ ¢®§ì¬¥¬ F

�

(0; s) = s

�

1

1

. �¤¥áì h

1

(s

1

; s

2

; s

3

), h

2

(s

2

; s

3

) { ¢¥à®ïâÄ

®áâë¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨. Ǳ®«®�¨¬

a

i

j

=

�h

i

�s

j

�

�

�

�

s=1

� Æ

i

j

; b

i

jk

=

�

2

h

i

�s

j

�s

k

�

�

�

�

s=1

; i; j; k = 1; 2; 3:

�¥â®¤ ¬¨ [106; £«. 4℄ ¢ [97℄ ¨§ ãà ¢¥¨ï (2.22) ¯®«ãç¥ë ï¢ë¥ ¢ëà �¥¨ï ¤«ï

áà¥¤¥£® ç¨á«  A

i

(t) ç áâ¨æ â¨¯  T

i

, i = 1; 2; 3. �  à¨á. 2 ¨§®¡à �¥ ¢¨¤ A

i

(t) ¤«ï

á«ãç ï a

1

1

< 0, a

1

2

> 0, a

2

2

< 0, a

2

3

> 0. � ª®© ¢¨¤ ª¨¥â¨ç¥áª¨å ªà¨¢ëå å à ªâ¥à¥

¤«ï ¬®®¬®«¥ªã«ïà®© å¨¬¨ç¥áª®© à¥ ªæ¨¨ T

1

! T

2

! T

3

([23℄ á¬. à¨á. 56).

�¥®à¥¬  2.7 [97℄. Ǳãáâì ¤«ï ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á® áå¥¬®© (2.21) a

1

1

< 0,

a

1

2

> 0, a

2

2

< 0, a

2

3

> 0; b

1

11

> 0 ¨«¨ b

2

22

> 0; h

2

(0; 1) > 0. Ǳãáâì ¢ ¬®¬¥â ¢à¥¬¥¨

t = 0 ¨¬¥«®áì �

1

ç áâ¨æ â¨¯  T

1

¨ �

�

1

{ ç¨á«® ä¨ «ìëå ç áâ¨æ â¨¯  T

3

,

¯®à®�¤¥ëå ¯¥à¢® ç «ìë¬¨ ç áâ¨æ ¬¨. �®£¤ 

lim

�

1

!1

P

�

�

�

1

� a

1

�

1

�

1

p

�

1

6 x

�

=

1

p

2�

Z

x

�1

e

�u

2

=2

du; (2.23)

£¤¥

a

1

=

a

1

2

a

2

3

� a

1

3

a

2

2

a

1

1

a

2

2

; �

2

1

= b

1

+ a

1

� (a

1

)

2

;

b

1

= �

a

1

2

b

2

+ b

1

11

(a

1

)

2

+ 2b

1

12

a

1

a

2

+ b

1

22

(a

2

)

2

+ 2b

1

13

a

1

+ 2b

1

23

a

2

+ b

1

33

a

1

1

;

a

2

= �

a

2

3

a

2

2

; b

2

= �

b

2

22

(a

2

)

2

+ 2b

2

23

a

2

+ b

2

33

a

2

2

:

�¥®à¥¬  2.7 ®¡®¡é ¥â â¥®à¥¬ã 1 ¨§ [106; £«. 5, x5℄, £¤¥ à áá¬®âà¥ ¢¥â¢ïé¨©áï ¯à®Ä

æ¥áá á® áå¥¬®© T

1

! 

1

T

1

+

2

T

2

. Ǳà®æ¥áá á® áå¥¬®© ®¡é¥£® ¢¨¤  T

1

! T

2

! � � � ! T

n

¨áá«¥¤®¢  ¢ [98℄; ® ¤àã£¨å à §«®�¨¬ëå ¢¥â¢ïé¨åáï ¯à®æ¥áá å á¬. ®¡§®à [122℄.

�â¢¥à�¤¥¨ï ¢¨¤  (2.20) ¨ (2.23) ¤«ï ¤àã£¨å áå¥¬ (2.16) á«¥¤ãîâ ¨§ á¢®©áâ¢  ¢¥â¢Ä

«¥¨ï (1.21), ª®â®à®¥ ®§ ç ¥â ¯à¨ ä¨ªá¨à®¢ ®¬ t > 0, çâ® ç¨á«® ç áâ¨æ â¨¯  T

i

¥áâì áã¬¬  ¥§ ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨; ¤«ï ¢ë¢®¤  ¯à¥¤¥«ìëå â¥®à¥¬ ª á®®âÄ

®è¥¨î (1.21) ¯à¨¬¥ï¥âáï ¬¥â®¤ å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨©. � [106; £«. 5, x5℄

ãáâ ®¢«¥®, çâ® ªà®¬¥ ®à¬ «ì®£® à á¯à¥¤¥«¥¨ï ¨¬¥îâáï ¤àã£¨¥ ¯à¥¤¥«ìë¥ à áÄ

¯à¥¤¥«¥¨ï ¯à¨ ¡®«ìè®¬  ç «ì®¬ ç¨á«¥ ç áâ¨æ.
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2.2.2. �¨¬®«¥ªã«ïàë¥ à¥ ªæ¨¨. �¨¬¨ç¥áª¨¥ à¥ ªæ¨¨, ¢ í«¥¬¥â à®¬  ªâ¥

ª®â®àëå ãç áâ¢ãîâ ¤¢¥ ç áâ¨æë,  §ë¢ îâáï ¡¨¬®«¥ªã«ïàë¬¨. Ǳãáâì x

1

(t), x

2

(t),

x

3

(t) { ª®«¨ç¥áâ¢  à¥ £¥â®¢ T

1

, T

2

, T

3

¢ ¬®¬¥â ¢à¥¬¥¨ t ¤«ï ¡¨¬®«¥ªã«ïà®© à¥ ªÄ

æ¨¨ á® áå¥¬®© T

1

+ T

2

! T

3

. � ä®à¬ «ì®© ª¨¥â¨ª¥ ¯®« £ îâ á¯à ¢¥¤«¨¢ë¬ § ª®

¤¥©áâ¢ãîé¨å ¬ áá [23℄

_x

1

= ��x

1

x

2

; _x

2

= ��x

1

x

2

; _x

3

= �x

1

x

2

: (2.24)

� ª ç¥áâ¢¥ ¢¥à®ïâ®áâ®© ¬®¤¥«¨ à¥ ªæ¨¨ à áá¬ âà¨¢ îâ ¯à®æ¥áá ¨§ ª« áá  B

2

á âà¥¬ï â¨¯ ¬¨ ç áâ¨æ T

1

, T

2

, T

3

¨ ®¤¨¬ ª®¬¯«¥ªá®¬ ¢§ ¨¬®¤¥©áâ¢¨ï [10℄, [89℄:

¬ àª®¢áª¨© ¯à®æ¥áá �(t) = (�

1

(t); �

2

(t); �

3

(t)), t 2 [0;1),   ¬®�¥áâ¢¥ á®áâ®ïÄ

¨© N

3

, ®¯à¥¤¥«ï¥¬ë©  ¡®à®¬ " = (1; 1; 0), fp

(0;0;1)

= 1g, f'

�

= ��

1

�

2

, � 2 N

3

,

� > 0g. �â®à®¥ ãà ¢¥¨¥ ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

F

(�

1

;�

2

;�

3

)

(t; s

1

; s

2

; s

3

) ¨¬¥¥â ¢¨¤

�F

�

(t; s)

�t

= �(s

3

� s

1

s

2

)

�

2

F

�

(t; s)

�s

1

�s

2

; F

�

(0; s) = s

�

:

� ¬¥â¨¬, çâ® �(t) ¥áâì ¯à®æ¥áá £¨¡¥«¨   á®áâ®ï¨ïå f(�

1

; �

2

; �

3

), (�

1

� 1; �

2

� 1;

�

3

+ 1), : : : , (�

1

� �

2

; 0; �

3

+ �

2

)g á ¯®£«®é îé¨¬ á®áâ®ï¨¥¬ (�

1

� �

2

; 0; �

3

+ �

2

)

(¯à¨ ¯à¥¤¯®«®�¥¨¨ �

1

> �

2

). �¢ë¥ ¢ëà �¥¨ï ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¯à®Ä

æ¥áá  �(t) ¤ îâáï ä®à¬ã«®© (2.8) ¯à¨ á®®â¢¥âáâ¢ãîé¥© äãªæ¨¨ '.

� à áá¬ âà¨¢ ¥¬®© ¢¥à®ïâ®áâ®© ¬®¤¥«¨ ¤«ï áà¥¤¥£® ç¨á«  ç áâ¨æ â¨¯  T

i

,

A

i

(t) = (�F

�

(t; s)=�s

i

)j

s=1

, i = 1; 2; 3, ãà ¢¥¨ï (2.24) ¥ ¢ë¯®«¥ë. �à ¢¥¨ï

(2.24) á®¡«î¤ îâáï ª ª ¯à¨¡«¨�¥ë¥ ¤«ï áà¥¤¨å A

i

(t) ¯à¨ ¡®«ìè®¬  ç «ì®¬

ç¨á«¥ ç áâ¨æ; ¯®« £ îâ � = (n�

1

; n�

2

; n�

3

) ¨ n ! 1 (¯à¥¤¥«ìë© ¯¥à¥å®¤ á®®â-

¢¥âáâ¢ã¥â ¯à¨ïâ®¬ã ¢ áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ â¥à¬®¤¨ ¬¨ç¥áª®¬ã ¯à¥¤¥«ì®¬ã

¯¥à¥å®¤ã [102℄). �á«®¢¨ï ¤«ï â ª®£® ¤¥â¥à¬¨¨à®¢ ®£® ¯à¨¡«¨�¥¨ï ¯à®æ¥áá 

�(t) à áá¬®âà¥ë ¢ [10; x8.2, ¯. �℄, ¨áå®¤ï ¨§ ï¢ëå ¢ëà �¥¨© ¤«ï ¯¥à¥å®¤ëå

¢¥à®ïâ®áâ¥©.

� â®çª¨ §à¥¨ï ãª § ®£®¯à¥¤¥«ì®£® ¯¥à¥å®¤  ¢ [79℄ à áá¬®âà¥¬ àª®¢áª¨© ¯à®Ä

æ¥áá  N

n

¨§ ª« áá B

2

á® áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨©T

i

+T

j

! T

k

+T

l

, i; j; k; l = 1; : : : ; n.

�à ¢¥¨ï ä®à¬ «ì®© ª¨¥â¨ª¨ ¤«ï ¤àã£¨å ¡¨¬®«¥ªã«ïàëå áå¥¬ ¨ á®®â¢¥âáâ¢ãîÄ

é¨¥ ¨¬ ¬ àª®¢áª¨¥ ¯à®æ¥ááë ¨§ ª« áá  B

2

¤ ë ¢ x2.3 ¨ ¯¯. 3.3.2, 4.2.1 (á¬. â ª�¥

[32℄, [57℄).

�« áá B

4

. Ǳà¨ ¨áá«¥¤®¢ ¨¨ å¨¬¨ç¥áª¨å à¥ ªæ¨© ¢á¥£¤  ®£à ¨ç¨¢ îâáï à áÄ

á¬®âà¥¨¥¬  ªâ®¢ ¢§ ¨¬®¤¥©áâ¢¨©, ¢ ª®â®àëå ãç áâ¢ã¥â ¥ ¡®«¥¥ ¤¢ãå ç áâ¨æ, â.¥. ¢

áå¥¬¥ (1.9) ¯®« £ îâ j"

i

j 6 2, i = 1; : : : ; l. � ä®à¬ «ì®© ª¨¥â¨ª¥ à áá¬ âà¨¢ îâ

®¡®¡é¥¨¥ § ª®  (2.24); ¤«ï ¡¨¬®«¥ªã«ïà®© à¥ ªæ¨¨ T

1

+ T

2

! T

3

¯®« £ îâ [23℄

(áà. ãà ¢¥¨¥ (2.12))

_x

1

= ��x

�

1

1

x

�

2

2

; _x

2

= ��x

�

1

1

x

�

2

2

; _x

3

= �x

�

1

1

x

�

2

2

; �

1

> 0; �

2

> 0:

�®�® ®¯à¥¤¥«¨âì ª« áá ¬ àª®¢áª¨å ¯à®æ¥áá®¢ B

4

  ¬®�¥áâ¢¥ á®áâ®ï¨© N

n

(¯®

  «®£¨¨ á ®¯à¥¤¥«¥¨¥¬ ª« áá  B

3

), á®®â¢¥âáâ¢ãîé¨© ãà ¢¥¨ï¬ â ª®£® ¢¨¤ .

�âàãªâãà  (1.23) ¤®¯®«¨âáï á®®â®è¥¨ï¬¨M

1

� B

4

� B

2

,M

1

� B

4

� B

3

.
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x2.3. �â®å áâ¨ç¥áª¨© ¯à®æ¥áá \å¨é¨ª{�¥àâ¢ "

�¨ ¬¨ªãíª®«®£¨ç¥áª®© á¨áâ¥¬ë\å¨é¨ª{�¥àâ¢ " ®¯¨áë¢ îâª®«¨ç¥áâ¢®¬x

1

(t)

\å¨é¨ª®¢" ¨ ª®«¨ç¥áâ¢®¬ x

2

(t) \�¥àâ¢" ¢ ¬®¬¥â ¢à¥¬¥¨ t. �á¯®«ì§ã¥âáï á¨áâ¥¬ 

¥«¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© [123℄

_x

1

= ��x

1

+ �x

1

x

2

; _x

2

= �x

2

� �x

1

x

2

; (2.25)

£¤¥ � > 0, � > 0, � > 0 { ¥ª®â®àë¥ ª®áâ âë.

�¥â¥à¬¨¨à®¢ ®©¬®¤¥«¨ á®®â¢¥âáâ¢ã¥â¬ àª®¢áª¨© ¯à®æ¥áá �(t) = (�

1

(t); �

2

(t)),

t 2 [0;1),   ¬®�¥áâ¢¥ á®áâ®ï¨© N

2

{ ¢¥â¢ïé¨©áï ¯à®æ¥áá á ¤¢ã¬ï â¨¯ ¬¨ ç áâ¨æ

T

1

, T

2

¨ áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨© [20℄:

8

>

<

>

:

T

1

+ T

2

! 2T

1

;

T

1

! 0;

T

2

! 2T

2

:

(2.26)

�â®à®¥ ãà ¢¥¨¥�®«¬®£®à®¢  ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áÄ

â¥© F

(�

1

;�

2

)

(t; s

1

; s

2

) ¨¬¥¥â ¢¨¤

�F

�

(t; s)

�t

= �(s

2

1

� s

1

s

2

)

�

2

F

�

(t; s)

�s

1

�s

2

+�(1� s

1

)

�F

�

(t; s)

�s

1

+ �(s

2

2

� s

2

)

�F

�

(t; s)

�s

2

(2.27)

á  ç «ìë¬ ãá«®¢¨¥¬ F

�

(0; s) = s

�

. �®¡ëâ¨¥ f�(t) = (�

1

; �

2

)g ¨â¥à¯à¥â¨àã¥âáï

ª ª  «¨ç¨¥ á®¢®ªã¯®áâ¨ ¨§ �

1

ç áâ¨æ â¨¯  T

1

¨ �

2

ç áâ¨æ â¨¯  T

2

. � áâ¨æë â¨Ä

¯  T

1

{ \å¨é¨ª¨", ç áâ¨æë â¨¯  T

2

{ \�¥àâ¢ë", ¯à¨ áå¥¬¥ (2.26) ¯®« £ ¥âáï: ¢§ ¨Ä

¬®¤¥©áâ¢¨¥ \å¨é¨ª "¨ \�¥àâ¢ë" ¯à¨¢®¤¨â ª ã¢¥«¨ç¥¨î ç¨á«  \å¨é¨ª®¢"; ç áâ¨Ä

æë-\å¨é¨ª¨" ¬®£ãâ ã¬¨à âì; ç áâ¨æë-\�¥àâ¢ë" ¯à®¨§¢®¤ïâ á¥¡¥ ¯®¤®¡ëå. � ª®¥

®¯¨á ¨¥ á¨áâ¥¬ë \å¨é¨ª{�¥àâ¢ " á®®â®á¨âáï ¯à¨ ¡®«ìè®¬  ç «ì®¬ ç¨á«¥ ç áÄ

â¨æ á á¨áâ¥¬®© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (2.25); ¯à¨¡«¨�¥¨¥ á¨áâ¥¬ë (2.25) ¯®Ä

«ãç ¥âáï ¨§ ãà ¢¥¨ï (2.27) ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯® s

1

¨«¨ s

2

¨ ¯¥à¥å®¤¥ ª áà¥¤¥¬ã

ç¨á«ã ç áâ¨æ A

i

(t) = (�F

�

(t; s)=�s

i

)j

s=1

, i = 1; 2.

�«ï áâ â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï   ��� ¬ àª®¢áª®£® ¯à®æ¥áá  �(t) ¢ à ¡®Ä

â¥ [116℄ ¨á¯®«ì§®¢ ® íª¢¨¢ «¥â®¥ ¥£® ®¯¨á ¨¥ ¯à¨ ¯®¬®é¨ á«ãç ©®£® ¢à¥¬¥¨

�

(�

1

;�

2

)

 å®�¤¥¨ï ¯à®æ¥áá  ¢ á®áâ®ï¨¨ (�

1

; �

2

) ¢ á®®â¢¥âáâ¢¨¨ á ¯. 1.3.1. �â â¨áâ¨Ä

ç¥áª¨¥ íªá¯¥à¨¬¥âë ¤ «¨ ¢®§¬®�®áâì á¤¥« âì ¯à¥¤¯®«®�¥¨¥ ®¡ ®¡« áâ¨K § ç¥Ä

¨© ¯ à ¬¥âà®¢ �, � (¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ � = 1), ª®£¤  à¥ «¨§ æ¨¨ ¯à®æ¥áá 

�(t) ãáâ®©ç¨¢® ¨¬¥îâ ª®«¥¡ â¥«ìë© ¢¨¤ (çâ® å à ªâ¥à® ¤«ï ¤¥â¥à¬¨¨à®¢ ®©

á¨áâ¥¬ë \å¨é¨ª{�¥àâ¢ " [123℄): K = f� > 0; � > 0 : 

1

< �=� < 

2

g, £¤¥ 

1

,



2

{ ¥ª®â®àë¥ ª®áâ âë. Ǳà¨ § ç¥¨¨ ¯ à ¬¥âà®¢ ¢¥ ®¡« áâ¨K ¯à®æ¥áá ¡ëáâà®

«¨¡® ¯®¯ ¤ ¥â ¢ ®¤® ¨§ á®áâ®ï¨© (

1

; 0), 

1

= 1; 2; : : : , ¨ ¢ëà®�¤ ¥âáï ¢ ¯®£«®é îÄ

é¥¬ á®áâ®ï¨¨ (0; 0), «¨¡® ¯®¯ ¤ ¥â ¢ ®¤® ¨§ á®áâ®ï¨© (0; 

2

), 

2

= 1; 2; : : : , ¨ ãå®Ä

¤¨â   ¡¥áª®¥ç®áâì. �  à¨á. 3 ¯à¨¢¥¤¥ ¯à¨¬¥à à¥ «¨§ æ¨¨ ¯à®æ¥áá  (�

1

(t); �

2

(t)),

t 2 [0; 2:159834℄, ¯à¨  ç «ìëå ãá«®¢¨ïå �

1

(0) = 12, �

2

(0) = 20 ¨ § ç¥¨ïå ¯ à ¬¥âÄ

à®¢ � = 1, � = 31, � = 27 [116℄.

�¡§®à «¨â¥à âãàë ¯® ¬®¤¥«¨à®¢ ¨î   ��� á¨áâ¥¬ë \å¨é¨ª{�¥àâ¢ " á®¤¥àÄ

�¨â ª¨£  [72℄, á¬. â ª�¥ [95℄.
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�¨á. 3. �¥ «¨§ æ¨ï ¬ àª®¢áª®£® ¯à®æ¥áá  \å¨é¨ª{�¥àâ¢ "

�« ¢  3. �â æ¨® àë¥ ¨ ä¨ «ìë¥ ¢¥à®ïâ®áâ¨

Ǳãáâì P

��

(t) { ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ ®¤®à®¤®£® ¬ àª®¢áª®£® ¯à®æ¥áá    ¬®Ä

�¥áâ¢¥ N

n

á ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬ t, t 2 [0;1). � ®¡é¥© â¥®à¨¨ ¯à®æ¥áá®¢ á® áç¥âÄ

ë¬¬®�¥áâ¢®¬ á®áâ®ï¨© ¯®ª § ® [18℄ ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© ¯. 1.1.1,çâ® áãé¥áâÄ

¢ãîâ ¯à¥¤¥«ë

q

��

= lim

t!1

P

��

(t); �; � 2 N

n

; (3.1)

q

��

 §ë¢ îâ ¯à¥¤¥«ìë¬¨ ¢¥à®ïâ®áâï¬¨. Ǳà¥¤¥«ìë¥ ¢¥à®ïâ®áâ¨ ¥ ®¡ï§ â¥«ì®

á®áâ ¢«ïîâ à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥©,

P

�

q

��

6 1.

Ǳà¥¤¥«ì®¥ ¯®¢¥¤¥¨¥ ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ¨¬¥¥â à §®®¡à §ë©å à ªâ¥à, ®¯à¥Ä

¤¥«ï¥¬ë© ª« áá¨ä¨ª æ¨¥© á®áâ®ï¨© ¯à®æ¥áá  [18℄. �®�® ¢ë¤¥«¨âì ®á®¢ë¥ á«ãÄ

ç ¨ { ª®£¤  ¯à®æ¥áá ¯®¯ ¤ ¥â ¢ ¯®£«®é îé¥¥ á®áâ®ï¨¥ ¨«¨ ãå®¤¨â   ¡¥áª®¥ç®áâì

¨ ª®£¤  ¯à®æ¥áá ¯à¨å®¤¨â ª áâ æ¨® à®¬ã ¯®«®�¥¨î. �«ï  å®�¤¥¨ï ä¨ «ìëå

¢¥à®ïâ®áâ¥© (¢¥à®ïâ®áâ¥© ¢ëà®�¤¥¨ï ¯à®æ¥áá  ¢ ¯®£«®é îé¨å á®áâ®ï¨ïå) à¥è Ä

¥âáï áâ æ¨® à ï ¯¥à¢ ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®à®¢ ; ¤«ï

 å®�¤¥¨ï ¯à¥¤¥«ì®£® áâ æ¨® à®£® à á¯à¥¤¥«¥¨ï ¢¥à®ïâ®áâ¥© à¥è ¥âáï áâ Ä

æ¨® à ï ¢â®à ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®à®¢ . � x3.1 ¯®«ãÄ

ç¥ë ¯¥à¢®¥ ¨ ¢â®à®¥ áâ æ¨® àë¥ ãà ¢¥¨ï ¤«ï ¯à®¨§¢®¤ïé¨å äãªæ¨© ¯à¥¤¥«ìÄ

ëå ¢¥à®ïâ®áâ¥© ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ª« áá B

2

. � x3.2 ¯®ª § ®, çâ® ¤«ï ¥ª®â®Ä

àëå ¯à®æ¥áá®¢ ¨§ ª« áá®¢ B

1

, B

2

áâ æ¨® à®¥ à á¯à¥¤¥«¥¨¥ ¯à¨ t ! 1 á®¢¯ ¤ ¥â

á ¯à¨ïâë¬¨ ¢ à ¢®¢¥á®© áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ ª ®¨ç¥áª¨¬¨ à á¯à¥¤¥«¥¨ï¬¨.

� x3.3 ¨§«®�¥ ¯à¥¤«®�¥ë©  ¢â®à®¬ ¬¥â®¤  å®�¤¥¨ï ä¨ «ìëå ¢¥à®ïâ®áâ¥©

¤«ï ¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯ãâ¥¬ à¥è¥¨ï ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå

¤«ï íªá¯®¥æ¨ «ì®© (¤¢®©®©) ¯à®¨§¢®¤ïé¥© äãªæ¨¨. Ǳà¨¢¥¤¥ë à¥§ã«ìâ âë ®¡

¨â¥£à «ìëå ¯à¥¤áâ ¢«¥¨ïå ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© ¯à¨ áå¥¬ å á ¢§ ¨¬®¤¥©Ä
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áâ¢¨¥¬ ç áâ¨æ à §ëå â¨¯®¢. �®çë¥ à¥è¥¨ï £à ¨ç®© § ¤ ç¨ � à¡ã{Ǳ¨ª à  (§ Ä

¤ ç¨ �ãàá ) ¤«ï ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¢â®à®£® ¯®àï¤ª  £¨¯¥à¡®«¨ç¥áª®Ä

£® â¨¯  ¯®«ãç¥ë ¬¥â®¤®¬ �¨¬  .

x3.1. �à ¢¥¨ï ¤«ï ¯à¥¤¥«ìëå ¢¥à®ïâ®áâ¥©

Ǳãáâì ¬ àª®¢áª¨© ¯à®æ¥áá ¨§ ª« áá  B

2

§ ¤   ¡®à®¬ "

1

; fp

1



g; : : : ; "

l

; fp

l



g. �¢®Ä

¤¨¬ ¬®£®¬¥àë¥ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨ ¢¥à®ïâ®áâ¥© (3.1):

g

�

(z) =

X

�

z

�

�!

q

��

; f

�

(s) =

X

�

q

��

s

�

; �; � 2 N

n

:

�ãªæ¨ï g

�

(z) ï¢«ï¥âáï   «¨â¨ç¥áª®© äãªæ¨¥© ¯¥à¥¬¥ëå z

1

; : : : ; z

n

, äãªæ¨ï

f

�

(s) ï¢«ï¥âáï   «¨â¨ç¥áª®© ¢ ®¡« áâ¨ js

1

j < 1, : : : , js

n

j < 1.

�¥®à¥¬  3.1. �ªá¯®¥æ¨ «ì ï ¯à®¨§¢®¤ïé ï äãªæ¨ï ¯à¥¤¥«ìëå ¢¥à®ïâÄ

®áâ¥© g

�

(z) ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯à¨ «î¡®¬ � 2 N

n

ã¤®¢Ä

«¥â¢®àï¥â «¨¥©®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î ¢ ç áâëå ¯à®¨§¢®¤ëå

l

X

i=1

�

i

z

"

i

�

h

i

�

�

�z

�

�

�

"

i

�z

"

i

�

g

�

(z) = 0: (3.2)

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ ¯®«ãç¥®¥ ¢ â¥®à¥¬¥ 1.2 ãà ¢¥¨¥ (1.14) ¤«ï

íªá¯®¥æ¨ «ì®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© G

�

(t; z) ¤«ï

¢ë¢®¤  áâ æ¨® à®£® ãà ¢¥¨ï (3.2). �§ ®¡é¥© â¥®à¨¨ ®¤®à®¤ëå ¬ àª®¢áª¨å

¯à®æ¥áá®¢ á® áç¥âë¬¬®�¥áâ¢®¬ á®áâ®ï¨© ¨§¢¥áâ® [18℄, çâ® ¯à¨ ¯à¨ïâëå ¢ ¯. 1.1.1

¯à¥¤¯®«®�¥¨ïå

lim

t!1

dP

��

(t)

dt

= 0; �; � 2 N

n

:

�®£¤  ¨§ ãáâ ®¢«¥®© ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë1.2 à ¢®¬¥à®© ¯® t áå®¤¨¬®áâ¨

àï¤ 

X

�

z

�

�!

dP

��

(t)

dt

á«¥¤ã¥â

lim

t!1

�G

�

(t; z)

�t

= 0; � 2 N

n

: (3.3)

� ¤àã£®© áâ®à®ë, â ª ª ª àï¤

X

�

z

�

�!

P

��

(t)

áå®¤¨âáï à ¢®¬¥à® ¢ ®¡« áâ¨ t 2 [0;1), â®

g

�

(z) = lim

t!1

G

�

(t; z); � 2 N

n

: (3.4)

�§ ãà ¢¥¨ï (1.14) ¨ á®®â®è¥¨© (3.3) ¨ (3.4) á«¥¤ã¥â ãà ¢¥¨¥ (3.2). �¥®à¥¬  3.1

¤®ª §  .



50

�.�. ��������

�¥®à¥¬  3.2. Ǳà®¨§¢®¤ïé ï äãªæ¨ï ¯à¥¤¥«ìëå ¢¥à®ïâ®áâ¥© f

�

(s) ¢¥âÄ

¢ïé¥£®áï ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯à¨ «î¡®¬ � 2 N

n

ã¤®¢«¥â¢®àï¥â ¯à¨

jsj 6 1 «¨¥©®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î ¢ ç áâëå ¯à®¨§¢®¤ëå

l

X

i=1

�

i

�

h

i

(s)� s

"

i

�

�

"

i

f

�

(s)

�s

"

i

= 0: (3.5)

�¥®à¥¬  3.2 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1.3.

x3.2. �â æ¨® à®¥ à á¯à¥¤¥«¥¨¥ ¤«ï á¨áâ¥¬ë

¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¯à¨ ¤¨áªà¥âëå á®áâ®ï¨ïå

� áá¬ âà¨¢ ¥âáï áâ®å áâ¨ç¥áª ï á¨áâ¥¬  ¨§ ç áâ¨æ n à §«¨çëå â¨¯®¢ T

1

; : : : ; T

n

,

¢§ ¨¬®¤¥©áâ¢ãîé¨å ¤àã£ á ¤àã£®¬ ª®¬¯«¥ªá ¬¨. �®áâ®ï¨¥ á¨áâ¥¬ë å à ªâ¥à¨§ãÄ

¥âáï n-¬¥àë¬ ¢¥ªâ®à®¬ � = (�

1

; : : : ; �

n

) 2 N

n

, çâ® ®§ ç ¥â  «¨ç¨¥ £àã¯¯ë ç áÄ

â¨æ S

�

¨§ �

1

ç áâ¨æ â¨¯  T

1

, : : : , �

n

ç áâ¨æ â¨¯  T

n

; P

��

(t), �; � 2 N

n

, { ¢¥à®ïâÄ

®áâ¨ â®£®, çâ® §  ¯à®¬¥�ãâ®ª ¢à¥¬¥¨ [0; t℄  ç «ì ï £àã¯¯  ç áâ¨æ S

�

¯¥à¥©¤¥â

¢ £àã¯¯ã ç áâ¨æ S

�

. �«¥¤ãï x1.3, ¯à¥¤¯®« £ ¥¬, çâ® á«ãç ©ë© ¯à®æ¥áá ï¢«ï¥âáï

¬ àª®¢áª¨¬ ¨ ®¤®à®¤ë¬ ¢® ¢à¥¬¥¨; ¯«®â®áâ¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© a

��

=

(dP

��

(t)=dt)j

t=0+

, �; � 2 N

n

, § ¤ ¤¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �¨ªá¨àã¥¬ ¬®�¥áâ¢®

¢¥ªâ®à®¢ A = f"

1

; : : : ; "

l

2 N

n

g ¨ ¬ âà¨æã P = (p

i

j

)

l

i;j=1

, ¤«ï í«¥¬¥â®¢ ª®â®à®©

¢ë¯®«¥ë ãá«®¢¨ï p

i

j

> 0,

P

l

j=1

p

i

j

= 1. Ǳà¥¤¯®«®�¨¬, çâ® §  ¢à¥¬ï �t, �t ! 0,

¤«ï «î¡®© á®¢®ªã¯®áâ¨S

"

i

= "

i

1

T

1

+ � � �+"

i

n

T

n

¥¥ ç áâ¨æë ¢§ ¨¬®¤¥©áâ¢ãîâ ¬¥�¤ã

á®¡®© á ¢¥à®ïâ®áâìî �

i

�t+o(�t), �

i

> 0, ¯à¨ç¥¬ ¢§ ¨¬®¤¥©áâ¢¨¥ ¥áª®«ìª¨å â ª¨å

£àã¯¯ §  ¢à¥¬ï �t ¬®�¥â ¯à®¨§®©â¨ «¨èì á ¢¥à®ïâ®áâìî o(�t). � à¥§ã«ìâ â¥ â ª®£®

¢§ ¨¬®¤¥©áâ¢¨ï á ¢¥à®ïâ®áâìî p

i

j

¢¬¥áâ® ª®¬¯«¥ªá  ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ S

"

i

¯®ï¢«ï¥âáï ®¢ ï á®¢®ªã¯®áâì ç áâ¨æ S

"

j

, ¯à¨ç¥¬

P

l

i=1

p

i

j

= 1, p

i

i

= 0; £àã¯¯  ç áÄ

â¨æ S

�

= �

1

T

1

+ � � �+�

n

T

n

¯¥à¥å®¤¨â ¢ £àã¯¯ã ç áâ¨æ S

��"

i

+"

j

= (�

1

� "

i

1

+ "

j

1

)T

1

+

� � �+ (�

n

� "

i

n

+ "

j

n

)T

n

. �®£¤  ¨§ á¤¥« ëå ¯à¥¤¯®«®�¥¨© á«¥¤ã¥â

a

��

= �

l

X

i=1

�

i

�

["

i

1

℄

1

� � ��

["

i

n

℄

n

; a

��

=

X

i;j:�=��"

i

+"

j

�

i

�

["

i

1

℄

1

� � ��

["

i

n

℄

n

p

i

j

(� 6= �): (3.6)

�«ï à áá¬ âà¨¢ ¥¬®£® ¬ àª®¢áª®£® ¯à®æ¥áá  ¨§ ª« áá  B

2

¢ áå¥¬¥ ¢§ ¨¬®¤¥©áâÄ

¢¨© (1.9) ª �¤ë© ¨§ ¢®§¬®�ëå ¢¥ªâ®à®¢ 

1

; : : : ; 

l

¯à¨ ¤«¥�¨â ¬®�¥áâ¢ã ª®¬¯Ä

«¥ªá®¢ ¢§ ¨¬®¤¥©áâ¢¨ï A = f"

1

; : : : ; "

l

g. �â®à®¥ ãà ¢¥¨¥ �®«¬®£®à®¢  ¤«ï ¯à®¨§Ä

¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (1.10) ¯®«ãç ¥â ¢¨¤

�F

�

(t; s)

�t

=

l

X

i=1

�

i

(h

i

(s)� s

"

i

)

�

"

i

F

�

(t; s)

�s

"

i

; F

�

(0; s) = s

�

;

£¤¥ h

i

(s) =

P

l

j=1

p

i

j

s

"

j

, i = 1; : : : ; l.

�®áâ®ï¨¥   §ë¢ ¥âáï ¤®áâ¨�¨¬ë¬ ¨§ á®áâ®ï¨ï �, � ! , ¥á«¨ áãé¥áâ¢ã¥â t

0

,

t

0

< 1, â ª®¥, çâ® P

�

(t

0

) > 0. Ǳãáâì ¥ª®â®à ï áâ¥¯¥ì ¬ âà¨æë P ¨¬¥¥â â®«ìª®

¯®«®�¨â¥«ìë¥ í«¥¬¥âë (ãá«®¢¨¥ íà£®¤¨ç®áâ¨ [30℄). �®£¤  "

i

! "

j

¤«ï «î¡ëå
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i; j = 1; : : : ; l ¨ ¥á«¨ � ! , â® ¨  ! �, â.¥. ¬®�¥áâ¢® K

�

= f : � ! g ®¡à §ã¥â

§ ¬ªãâë© ª« áá á®®¡é îé¨åáï á®áâ®ï¨©.

�¥®à¥¬  3.3 [40℄. Ǳãáâì ¤«ï ¬ âà¨æë P ¢ë¯®«¥® ãá«®¢¨¥ íà£®¤¨ç®áâ¨ ¨

 ©¤¥âáï  ¡®à ¯®«®�¨â¥«ìëå ç¨á¥« q = (q

1

; : : : ; q

n

) â ª®©, çâ®

l

X

i=1

�

i

p

i

j

q

"

i

� �

j

q

"

j

= 0; j = 1; : : : ; l: (3.7)

�®£¤  ¯à¨ «î¡®¬  ç «ì®¬ á®áâ®ï¨¨ � ¬ àª®¢áª®£® ¯à®æ¥áá  ¢ ª« áá¥ K

�

áãé¥áâ¢ã¥â ¯à¥¤¥«ì®¥ áâ æ¨® à®¥ à á¯à¥¤¥«¥¨¥ fq

�

,  2 K

�

g,

q

�

= lim

t!1

P

�

(t); �;  2 K

�

;

¨ ¯à®¨§¢®¤ïé ï äãªæ¨ï áâ æ¨® àëå ¢¥à®ïâ®áâ¥© ¨¬¥¥â ¢¨¤

f

�

(s) =

X

2K

�

q

�

s



=

�

X

2K

�

q



!

�

�1

�

X

2K

�

q



s



!

�

: (3.8)

�®ª § â¥«ìáâ¢®. Ǳãáâì ª« ááK

�

ª®¥çë©. � ª®¥ç®¬ § ¬ªãâ®¬ ª« áá¥ á®Ä

áâ®ï¨©¬ àª®¢áª®£® ¯à®æ¥áá  á ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬ ¢á¥£¤  áãé¥áâ¢ã¥â ¯à¥¤¥«ì®¥

à á¯à¥¤¥«¥¨¥ ¨ ®® ¥¤¨áâ¢¥® [30℄; ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç® ¯®ª Ä

§ âì, çâ® ¯à®¨§¢®¤ïé ï äãªæ¨ï (3.8) ã¤®¢«¥â¢®àï¥â áâ æ¨® à®¬ã ¢â®à®¬ã ãà ¢¥Ä

¨î (3.5):

l

X

i=1

�

i

(h

i

(s)� s

"

i

)

�

"

i

�s

"

i

�

X

2K

�

q



s



!

�

=

l

X

i=1

�

i

�

l

X

j=1

p

i

j

s

"

j

� s

"

i

�

q

"

i

X

2K

�

q

�"

i

s

�"

i

( � "

i

)!

=

�

l

X

j=1

l

X

i=1

�

i

p

i

j

s

"

j

q

"

i

�

l

X

i=1

�

i

s

"

i

q

"

i

��

X

2K

�

q

�"

1

s

�"

1

( � "

1

)!

�

=

�

X

2K

�

q

�"

1

s

�"

1

( � "

1

)!

�

l

X

j=1

s

"

j

�

l

X

i=1

�

i

p

i

j

q

"

i

� �

j

q

"

j

�

= 0;

â ª ª ª ¯® ãá«®¢¨î (3.7) ¢â®à®© ¬®�¨â¥«ì à ¢¥ ã«î.

� á«ãç ¥ ¡¥áª®¥ç®£® ª« áá K

�

â ª�¥¨á¯®«ì§ã¥âáï áâ æ¨® à®¥ ãà ¢¥¨¥ (3.5)

¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¯à¥¤¥«ì®£® à á¯à¥¤¥«¥¨ï ¢ § ¬ªãâ®¬ª« áá¥

á®áâ®ï¨© ¬ àª®¢áª®£® ¯à®æ¥áá  ([30; £«. 3, x6℄, [12℄) {  «¨ç¨¥ ¥âà¨¢¨ «ì®£®  ¡á®Ä

«îâ® áã¬¬¨àã¥¬®£® à¥è¥¨ï áâ æ¨® à®© ¢â®à®© á¨áâ¥¬ë ãà ¢¥¨© �®«¬®£®à®Ä

¢ . �¥®à¥¬  3.3 ¤®ª §  .

� áâë¥ á«ãç ¨. �â æ¨® à®¥ à á¯à¥¤¥«¥¨¥ (3.8) ¤«ï á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãÄ

îé¨å ç áâ¨æ á¢ï§ ® á ®á®¢ë¬¨ ¯à¥¤áâ ¢«¥¨ï¬¨ à ¢®¢¥á®© áâ â¨áâ¨ç¥áª®© ä¨Ä

§¨ª¨. Ǳãáâì ª« ááë á®®¡é îé¨åáï á®áâ®ï¨© ®¡à §ãîâ ¬®�¥áâ¢ K

E

= f 2 N

n

:
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1

+ � � � + 

n

= Eg, E = 0; 1; 2; : : : , ¨  ©¤¥âáï ¢¥ªâ®à q, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨Ä

ï¬ (3.7). Ǳà¥¤¥«ì®¥ à á¯à¥¤¥«¥¨¥ ¢ ª« áá¥ K

E

§ ¤ ¥âáï ¯à®¨§¢®¤ïé¥© äãªæ¨¥©

¯®«¨®¬¨ «ì®£® à á¯à¥¤¥«¥¨ï

f

E

(s) =

�

X

2K

E

q



!

�

�1

�

X

2K

E

q



s



!

�

=

�

n

X

i=1

q

i

�

�E

�

n

X

i=1

q

i

s

i

�

E

= (eq

1

s

1

+ � � �+ eq

n

s

n

)

E

; (3.9)

£¤¥ eq

i

= q

i

�

P

n

i=1

q

i

�

�1

, i = 1; : : : ; n. � á¯à¥¤¥«¥¨¥ (3.9) { \¬¨ªà®ª ®¨ç¥áª®¥"

à á¯à¥¤¥«¥¨¥ [79℄, á¯à ¢¥¤«¨¢®¥ ¤«ï § ¬ªãâëå á¨áâ¥¬ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ.

�á«¨ ¯à¨ t = 0 ¨¬¥«®áìE ç áâ¨æ ¯à®¨§¢®«ìëå â¨¯®¢, â® ¯à¨ t!1 ç áâ¨æë à á¯à¥Ä

¤¥«ïîâáï ¯® â¨¯ ¬ T

1

; : : : ; T

n

¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  á à á¯à¥¤¥«¥¨¥¬ ¢¥à®ïâ®áÄ

â¥© feq

1

; : : : ; eq

n

g. � á¯à¥¤¥«¥¨¥ (3.9) ¯®«ãç¥® ¢ [79℄ ¤«ï ¡¨¬®«¥ªã«ïàëå ¯à®æ¥áá®¢,

ª®£¤  j"

i

j = 2, i = 1; : : : ; l, ¯à¨ âà¥¡®¢ ¨ïå â¨¯  á¨¬¬¥âà¨¨   ¯«®â®áâ¨ (3.6).

Ǳãáâì ¨¬¥¥âáï ®¤¨ â¨¯ ç áâ¨æ T ¨ ¤¢  ª®¬¯«¥ªá  ¢§ ¨¬®¤¥©áâ¢¨ï "

1

= 0, "

2

= 1,

â.¥. à áá¬ âà¨¢ ¥âáï áå¥¬  ¯à¥¢à é¥¨© 0 ! T , T ! 0. �á¥ ¬®�¥áâ¢® á®áâ®ï¨©

N = f0; 1; : : : g ®¡à §ã¥â § ¬ªãâë© ª« áá, ¨ áâ æ¨® àë¬ à á¯à¥¤¥«¥¨¥¬ ï¢«ï¥âáï

¯ã áá®®¢áª®¥ à á¯à¥¤¥«¥¨¥ fq

�

= q



e

�q

=!,  2 Ng. � ª®© ¯à®æ¥áá à áá¬®âà¥

¢ [92℄ ª ª ®âªàëâ ï á¨áâ¥¬  ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ á ¨â¥à¯à¥â æ¨¥© ¯ã áá®®¢Ä

áª®£® à á¯à¥¤¥«¥¨ï ª ª \ª ®¨ç¥áª®£®" à á¯à¥¤¥«¥¨ï. �àã£¨¥ ç áâë¥ á«ãç ¨ á

¤¢ã¬ï ª®¬¯«¥ªá ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï ®¡áã�¤ îâáï ¢ [121℄.

�¥®à¥¬  3.3 ®¡®¡é ¥â ¨§¢¥áâë¥ à¥§ã«ìâ âë ¤«ï ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ á ¥áª®«ìÄ

ª¨¬¨ â¨¯ ¬¨ ç áâ¨æ: ® ¯à¥¤¥«ì®¬ áâ æ¨® à®¬ à á¯à¥¤¥«¥¨¨ ¤«ï ¤®ªà¨â¨ç¥áª®£®

¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¨¬¬¨£à æ¨¥© [106; £«. 7, x3℄, ® ¯à¥¤¥«ì®¬ à á¯à¥¤¥«¥¨¨ ¢

ä¨ «ì®¬ ª« áá¥ ¢¥â¢ïé¥£®áï ¯à®æ¥áá  [106; £«. 4, x7℄.

x3.3. �¥â®¤ íªá¯®¥æ¨ «ì®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨

�ªá¯®¥æ¨ «ì ï¯à®¨§¢®¤ïé ï äãªæ¨ï ¢¢¥¤¥  ¢ à ¡®â¥ [39℄ ¤«ï ¢ëç¨á«¥¨ï ¢¥Ä

à®ïâ®áâ¨ ¢ëà®�¤¥¨ï ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á® áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨© "T ! kT

(" = 2; 3; : : : ); ¢¥à®ïâ®áâì ¢ëà®�¤¥¨ï ¤«ï áå¥¬ë T ! kT à áá¬ âà¨¢ « áì ¢ [106℄,

[33℄ ¨ ¤à. � [41℄ ¬¥â®¤ ¯à¨¬¥¥ ¤«ï ¢ëç¨á«¥¨ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© ¯à®æ¥áá  á®

áå¥¬®© "T

1

! 

1

T

1

+ 

2

T

2

(" = 2; 3; : : : ), ¯®«ãç¥ë ¯à¥¤¥«ìë¥ â¥®à¥¬ë ¤«ï ç¨á« 

ä¨ «ìëå ç áâ¨æ â¨¯  T

2

, ª®£¤   ç «ì®¥ ç¨á«® ç áâ¨æ â¨¯  T

1

¢¥«¨ª®; ®¡®¡é¥ 

áå¥¬  T

1

! 

1

T

1

+ 

2

T

2

, à áá¬®âà¥ ï ¢ [106; £«. 5, xx 4, 5℄. �à®¬¥ ãª § ëå ¤ «¥¥,

¬¥â®¤ íªá¯®¥æ¨ «ì®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨ à §¢¨â ¢ à ¡®â å [51℄, [59℄, [58℄.

3.3.1. Ǳ®¯ã«ïæ¨ï á ¤¢ã¬ï ¯®« ¬¨. �  ¬®�¥áâ¢¥ á®áâ®ï¨© N

2

à áá¬ âà¨¢ Ä

¥âáï ®¤®à®¤ë© ¬ àª®¢áª¨© ¯à®æ¥áá �(t) = (�

1

(t); �

2

(t)), t 2 [0;1), á ¯¥à¥å®¤ë¬¨

¢¥à®ïâ®áâï¬¨ P

(�

1

;�

2

)

(�

1

;�

2

)

(t). Ǳãáâì ¯à¨ t ! 0+ ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ ¨¬¥îâ ¢¨¤

(� > 0)

P

(�

1

;�

2

)

(�

1

;�

2

)

(t) = 1� �

1

�

2

�t+ o(t);

P

(�

1

;�

2

)

(�

1

;�

2

)

(t) = p

�

1

��

1

+1;�

2

��

2

+1

�

1

�

2

�t+ o(t);

(3.10)
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¥á«¨�

1

6= �

1

¨«¨�

2

6= �

2

. �¤¥áì § ¤ ®à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥© fp



1



2

, p

11

= 0g.

� ¯®¬®éìî ¯à®¨§¢®¤ïé¨å äãªæ¨© (js

1

j 6 1, js

2

j 6 1)

F

(�

1

;�

2

)

(t; s

1

; s

2

) =

1

X

�

1

;�

2

=0

P

(�

1

;�

2

)

(�

1

;�

2

)

(t)s

�

1

1

s

�

2

2

; h(s

1

; s

2

) =

1

X



1

;

2

=0

p



1



2

s



1

1

s



2

2

¢â®à ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®à®¢  ¤«ï ¯à®æ¥áá  �(t) § ¯¨Ä

áë¢ ¥âáï ¢ ¢¨¤¥

�F

�

(t; s)

�t

= �(h(s

1

; s

2

)� s

1

s

2

)

�

2

F

�

(t; s)

�s

1

�s

2

; F

�

(0; s) = s

�

:

Ǳà®æ¥ááã �(t) ¨§ ª« áá B

2

á®®â¢¥âáâ¢ã¥â áå¥¬  ¢§ ¨¬®¤¥©áâ¢¨© T

1

+ T

2

! 

1

T

1

+



2

T

2

. Ǳãáâì ¯à®æ¥áá  å®¤¨âáï ¢  ç «ì®¬ á®áâ®ï¨¨ (�

1

; �

2

). �«¥¤ãï ¯. 1.3.1, ¬®�Ä

® ¯®« £ âì, çâ® ç¥à¥§ á«ãç ©®¥ ¢à¥¬ï �

(�

1

;�

2

)

, Pf�

(�

1

;�

2

)

6 tg = 1 � e

��

1

�

2

�t

,

¯à®¨áå®¤¨â ¢§ ¨¬®¤¥©áâ¢¨¥ ç áâ¨æë â¨¯  T

1

á ç áâ¨æ¥© â¨¯  T

2

. �â¨ ¤¢¥ ç áâ¨æë

¯à¥¢à é îâáï ¢ £àã¯¯ã ¨§ 

1

ç áâ¨æ â¨¯  T

1

¨ 

2

ç áâ¨æ â¨¯  T

2

á à á¯à¥¤¥«¥¨Ä

¥¬ ¢¥à®ïâ®áâ¥© fp



1



2

g; ¯à®æ¥áá ¯¥à¥å®¤¨â ¢ á®áâ®ï¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¢¥ªâ®àã

(�

1

+ 

1

� 1; �

2

+ 

2

� 1). � «¥¥   «®£¨ç ï í¢®«îæ¨ï á«ãç ©®£® ¯à®æ¥áá . �¥âÄ

¢ïé¨©áï ¯à®æ¥áá �(t) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®¤¥«ì ¯®¯ã«ïæ¨¨ á ®á®¡ï¬¨ ¬ã�áª®£® à®¤ 

¨ ®á®¡ï¬¨ �¥áª®£® à®¤  [118℄, [58℄. �á®¢ë¥ ¯à¥¤¯®«®�¥¨ï ¢ ¬®¤¥«¨: «î¡ ï ¯ à 

®á®¡¥© T

1

+ T

2

¢ ¯®¯ã«ïæ¨¨ ¯®à®�¤ ¥â ¯®â®¬áâ¢® ¥§ ¢¨á¨¬® ®â ¢á¥å ¤àã£¨å; ç áâ®Ä

â   ªâ®¢ ¯®à®�¤¥¨ï ®¢ëå ®á®¡¥© ¯à®¯®àæ¨® «ì  ç¨á«ã ®á®¡¥© â¨¯  T

1

¨ ç¨á«ã

®á®¡¥© â¨¯  T

2

.

�«ï ¯à®æ¥áá  �(t) á®áâ®ï¨ï (

1

; 0), (0; 

2

), 

1

; 

2

2 N, ï¢«ïîâáï ¯®£«®é îé¨¬¨

(®áâ «¨áì ç áâ¨æë ®¤®£® â¨¯ , ¢§ ¨¬®¤¥©áâ¢¨ï ¥¢®§¬®�ë). �§ á®®¡à �¥¨© á¨¬Ä

¬¥âà¨¨ ¤®áâ â®ç® à áá¬ âà¨¢ âì ä¨ «ìë¥ ¢¥à®ïâ®áâ¨

q

(�

1

;�

2

)

(0;

2

)

= lim

t!1

P

(�

1

;�

2

)

(0;

2

)

(t); 

2

2 N:

�ªá¯®¥æ¨ «ì ï ¯à®¨§¢®¤ïé ï äãªæ¨ï

g

(0;

2

)

(z

1

; z

2

) =

1

X

�

1

;�

2

=0

z

�

1

1

z

�

2

2

�

1

!�

2

!

q

(�

1

;�

2

)

(0;

2

)

(3.11)

ã¤®¢«¥â¢®àï¥â áâ æ¨® à®¬ã ¯¥à¢®¬ã ãà ¢¥¨î �®«¬®£®à®¢  (ãà ¢¥¨¥ (3.2))

�

h

�

�

�z

1

;

�

�z

2

�

�

�

2

�z

1

�z

2

�

g

(0;

2

)

(z

1

; z

2

) = 0: (3.12)

�§ ®ç¥¢¨¤ëå à ¢¥áâ¢ ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥©: q

(0;

2

)

(0;

2

)

= 1; q

(0;�

2

)

(0;

2

)

= 0, ¥á«¨

�

2

6= 

2

; q

(�

1

;0)

(0;

2

)

= 0, ¥á«¨ �

1

= 0; 1; : : : , { á«¥¤ãîâ £à ¨çë¥ ãá«®¢¨ï

g

(0;

2

)

(0; z

2

) =

z



2

2



2

!

; g

(0;

2

)

(z

1

; 0) = 0: (3.13)
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�«ï ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ (3.12) å à ªÄ

â¥à¨áâ¨ç¥áª¨¬ ï¢«ï¥âáï ãà ¢¥¨¥

h(s

1

; s

2

)� s

1

s

2

= 0 (3.14)

(áà. [106; £«. 2, x1, ãà ¢¥¨¥ (9)℄ ¨ [33; £«. 5, x4, ãà ¢¥¨¥ (2)℄ ¤«ï áå¥¬ë T ! kT ).

� ¤ ç  ®  å®�¤¥¨¨ ¢¥à®ïâ®áâ¨ q

(�

1

;�

2

)

(0;

2

)

á®¢¯ ¤ ¥â á § ¤ ç¥© ® ¢¥à®ïâ®áâ¨ ®áâ Ä

®¢ª¨   £à ¨æ¥ ®¤®à®¤®£® á«ãç ©®£® ¡«ã�¤ ¨ï ¢ ç¥â¢¥àâ¨ ¯«®áª®áâ¨ N

2

[85℄

(á¬. â ª�¥ [90℄), ¯à¨ à áá¬®âà¥¨¨ ª®â®à®© ®á®¢ãîà®«ì ¨£à ¥â ¬®£®§ ç ïäãªÄ

æ¨ï ª®¬¯«¥ªá®£®  à£ã¬¥â , ®¯à¥¤¥«ï¥¬ ï ãà ¢¥¨¥¬ (3.14) [84℄, [25℄. � §à ¡®â Ä

 ï ¢ [84℄   «¨â¨ç¥áª ï â¥å¨ª  ¢ëï¢¨«  í««¨¯â¨ç¥áª¨¥ äãªæ¨¨ ¯à¨ à¥è¥¨¨ § Ä

¤ ç ® ¬®£®¬¥àëå ¡«ã�¤ ¨ïå á £à ¨æ ¬¨. �¥â®¤ ¬¨ à ¡®âë [84℄ ¢ [31℄  ©¤¥®

¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï q

(1;�

2

)

(0;

2

)

¢ á¨¬¬¥âà¨ç®¬ á«ãç ¥ h(s

1

; s

2

) = p

01

s

2

1

s

2

+

p

10

s

1

s

2

2

+ p

10

s

1

+ p

01

s

2

, á®¤¥à� é¥¥ äãªæ¨¨ nu, snu. � [85℄ ¯à¨¢¥¤¥ë ááë«ª¨  

à ¡®âë ¯® £à ¨ç®© § ¤ ç¥ ¢¨¤  (3.12), (3.13).

�â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© ¢ á«ãç ¥ h(s

1

; s

2

) =

p

20

s

2

1

+ p

02

s

2

2

+ p

00

. �à ¢¥¨¥ (3.12) ¯®«ãç ¥â ¢¨¤

p

20

�

2

g

(0;

2

)

�z

2

1

+ p

02

�

2

g

(0;

2

)

�z

2

2

+ p

00

g

(0;

2

)

�

�

2

g

(0;

2

)

�z

1

�z

2

= 0 (3.15)

á £à ¨çë¬¨ ãá«®¢¨ï¬¨ (3.13). Ǳà¨¢¥¤¥¨¥ ãà ¢¥¨ï £¨¯¥à¡®«¨ç¥áª®£® â¨¯  (3.15)

ª ª ®¨ç¥áª®¬ã ¢¨¤ã ¤ ¥â â¥«¥£à ä®¥ ãà ¢¥¨¥. �«ï ãà ¢¥¨ï (3.15) ¨¬¥¥¬ § Ä

¤ çã � à¡ã{Ǳ¨ª à : § ¤ ë ãá«®¢¨ï (3.13)   ¤¢ãå ¬®®â®ëå ªà¨¢ëå, ¢ëå®¤ïé¨å

¨§ â®çª¨ (0; 0) ¨ à á¯®«®�¥ëå ¢ å à ªâ¥à¨áâ¨ç¥áª®¬ ã£«¥ á ¢¥àè¨®© ¢ â®© �¥ â®çÄ

ª¥ (0; 0). �áå®¤ï ¨§ ä®à¬ã«ë �¨¬   ¤«ï â¥«¥£à ä®£® ãà ¢¥¨ï [11℄, [113℄, ¢ [61℄

¯®áâà®¥® à¥è¥¨¥ £à ¨ç®© § ¤ ç¨ (3.15), (3.13) ¢ ¢¨¤¥ àï¤  ¯® äãªæ¨ï¬ �¥áá¥«ï

æ¥«®£® ¯®àï¤ª . Ǳ®á«¥ ¥ª®â®àëå¯à¥®¡à §®¢ ¨©à¥è¥¨¥ áã¬¬¨à®¢ ® ª¨â¥£à «ìÄ

®¬ã ¯à¥¤áâ ¢«¥¨î, á®¤¥à� é¥¬ã í««¨¯â¨ç¥áªãîäãªæ¨î. Ǳà¨¢¥¤¥¬ ®á®¢®©à¥Ä

§ã«ìâ â à ¡®â [51℄, [61℄.

Ǳãáâì ! ¨ !

0

{ ¯®«®�¨â¥«ìë¥ ç¨á« . Ǳ®«®�¨¬ h = e

��!

0

=!

, z = e

�iu=(2!)

. �¯à¥Ä

¤¥«¨¬ ¤¢®ïª®¯¥à¨®¤¨ç¥áªãî äãªæ¨î à ¢¥áâ¢®¬ ( = 1; 2; : : : )

f



(u) =

�

�i

!

�



�

1

(z � z

�1

)



+

1

X

r=1

�

h

r

z

�1

1� h

2r

z

�2

�



+

1

X

r=1

�

�h

r

z

1� h

2r

z

2

�



�

: (3.16)

Ǳà¨ ¥ç¥âëå  ¯¥à¨®¤ ¬¨ ï¢«ïîâáï 4!, 2i!

0

, ¯à¨ ç¥âëå  ¯¥à¨®¤ ¬¨ ï¢«ïîâáï

2!, 2i!

0

. �ãªæ¨ï f

2

(u) á â®ç®áâìî ¤® ¯®áâ®ï®£® á« £ ¥¬®£® á®¢¯ ¤ ¥â á í««¨¯Ä

â¨ç¥áª®© äãªæ¨¥© �¥©¥àèâà áá  [35; £«. 2, x12℄, áå®¤¨¬®áâì àï¤  (3.16) à áá¬®âà¥ 

¢ [35℄.

�¥®à¥¬  3.4. Ǳãáâì ¬ àª®¢áª¨© ¯à®æ¥áá   ¬®�¥áâ¢¥ á®áâ®ï¨© N

2

§ ¤ 

á®®â®è¥¨ï¬¨ (3.10) ¨ h(s

1

; s

2

) = p

20

s

2

1

+ p

02

s

2

2

+ p

00

. Ǳ®«®�¨¬

C =

1�

p

1� 4p

20

p

02

1 +

p

1� 4p

20

p

02

; C

0

=

p

20

p

00

1� 4p

20

p

02

;
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f



2

(u) { í««¨¯â¨ç¥áª ï äãªæ¨ï (3.16) á ¯®«ã¯¥à¨®¤ ¬¨ !=�

p

C

0

, !

0

=�

p

C

0

lnC;

T = fu = x+ iy, 0 6 x 6 4!, y = �!

0

g { ®à¨¥â¨à®¢ ë© ¯® ¢®§à áâ ¨î x ®âÄ

à¥§®ª. �ªá¯®¥æ¨ «ì ï ¯à®¨§¢®¤ïé ï äãªæ¨ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© ¨¬¥Ä

¥â ¢¨¤

g

(0;

2

)

(z

1

; z

2

) =

1

2�i

Z

T

e

z

1

s

1

(z)+z

2

s

2

(z)

(�1)



2

�

2

df



2

(u); 

2

= 1; 2; : : : ; (3.17)

£¤¥ z = e

�iu=(2!)

¨ äãªæ¨¨

s

1

(z) =

1�

p

1� 4p

20

p

02

2p

20

i

p

C

0

�

z �

1

Cz

�

; s

2

(z) = i

p

C

0

�

z �

1

z

�

;

¯à¥¤áâ ¢«ïîâ á®¡®© ã¨ä®à¬¨§ æ¨î à¨¬ ®¢®© ¯®¢¥àå®áâ¨ (3.14).

�¡®§ ç¨¬ �

(�

1

;�

2

)

ç¨á«® ä¨ «ìëå ç áâ¨æ â¨¯  T

2

, ª®â®àë¥ ®áâ ãâáï ¯®á«¥ â®Ä

£®, ª ª ¯à®æ¥áá ¢ëà®¤¨«áï, â.¥. ¥ ®áâ «®áì ç áâ¨æ â¨¯  T

1

. �«ãç © ï ¢¥«¨ç¨ 

�

(�

1

;�

2

)

¨¬¥¥â à á¯à¥¤¥«¥¨¥ fq

(�

1

;�

2

)

(0;

2

)

, 

2

2 N;

P

1



2

=0

q

(�

1

;�

2

)

(0;

2

)

6 1g; ¢ëà �¥¨ï ¤«ï

q

(�

1

;�

2

)

(0;

2

)

á«¥¤ãîâ ¨§ ®¯à¥¤¥«¥¨ï (3.11) äãªæ¨¨ g

(0;

2

)

(z

1

; z

2

) ¨ (3.17). �¢ë¥ ä®àÄ

¬ã«ë ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© ®¯à¥¤¥«ïîâ ¢ë¢®¤ ¯à¥¤áâ ¢«ïîé¨å ¨â¥à¥á ¤«ï

¯à¨«®�¥¨© [106℄, [84℄ ¯à¥¤¥«ìëå â¥®à¥¬ ¤«ï ç¨á«  ä¨ «ìëå ç áâ¨æ ¯à¨ ãá«®¢¨ïå

�

1

!1, �

2

!1.

� [61℄ ¯®«ãç¥ëà¥è¥¨ïãà ¢¥¨ï (3.12)¯à¨¤àã£¨å ¯à¥¤¯®«®�¥¨ïå ® ¯à®¨§¢®¤ïÄ

é¥© äãªæ¨¨ h(s

1

; s

2

) à á¯à¥¤¥«¥¨ï ç¨á«  ¯®â®¬ª®¢ ¢§ ¨¬®¤¥©áâ¢ãîé¥© ¯ àë ç áÄ

â¨æ.

3.3.2. Ǳà®æ¥áá í¯¨¤¥¬¨¨. �  ¬®�¥áâ¢¥ N

2

à áá¬ âà¨¢ ¥âáï ¬ àª®¢áª¨© ¯à®Ä

æ¥áá �(t) = (�

1

(t); �

2

(t)), t 2 [0;1), á ¯¥à¥å®¤ë¬¨ ¢¥à®ïâ®áâï¬¨ P

(�

1

;�

2

)

(�

1

;�

2

)

(t); ¯à¨

t! 0+ ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ ¨¬¥îâ ¢¨¤ (� > 0)

P

(�

1

;�

2

)

(�

1

;�

2

)

(t) = 1� (�

1

�

2

+ ��

1

)t+ o(t);

P

(�

1

;�

2

)

(�

1

;�

2

)

(t) = (p

2

�

1

��

1

+1;�

2

��

2

+1

�

1

�

2

+ p

1

�

1

��

1

+1;�

2

��

2

��

1

)t+ o(t);

(3.18)

¥á«¨ �

1

6= �

1

¨«¨ �

2

6= �

2

. � ¤ ë à á¯à¥¤¥«¥¨ï ¢¥à®ïâ®áâ¥© fp

2



1



2

, p

2

11

= 0g,

fp

1



1



2

, p

1

10

= 0g. �â®à®¥ ãà ¢¥¨¥ �®«¬®£®à®¢  ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨

F

(�

1

;�

2

)

(t; s

1

; s

2

) ¢ á«ãç ¥ ¯à®æ¥áá  �(t) ¯®«ãç ¥â ¢¨¤

�F

�

(t; s)

�t

=

�

h

2

(s

1

; s

2

)�s

1

s

2

�

�

2

F

�

(t; s)

�s

1

�s

2

+�

�

h

1

(s

1

; s

2

)�s

1

�

�F

�

(t; s)

�s

1

; F

�

(0; s) = s

�

;

áå¥¬  ¢§ ¨¬®¤¥©áâ¢¨© T

1

! 

1

1

T

1

+ 

1

2

T

2

, T

1

+ T

2

! 

2

1

T

1

+ 

2

2

T

2

.

�®¡ëâ¨¥ f�(t) = (�

1

; �

2

)g ®§ ç ¥â  «¨ç¨¥ �

1

ç áâ¨æ â¨¯  T

1

¨ �

2

ç áâ¨æ â¨¯  T

2

¢ ¬®¬¥â ¢à¥¬¥¨ t. �«¥¤ãîé¥¥ ®¯¨á ¨¥ ¯à¨ïâ® ¢ ¢¥à®ïâ®áâëå ¬®¤¥«ïå à á¯à®Ä

áâà ¥¨ï í¯¨¤¥¬¨© [6℄, [4℄, [24℄, [5℄, [115℄. � áâ¨æë â¨¯  T

1

¨â¥à¯à¥â¨àãîâáï ª ª

¡®«ìë¥ ®á®¡¨, ç áâ¨æë â¨¯  T

2

{ ª ª §¤®à®¢ë¥ ®á®¡¨, ¢®á¯à¨¨¬ç¨¢ë¥ ª ¨ä¥ªæ¨®Ä

®¬ã § ¡®«¥¢ ¨î. �¥à¥§ á«ãç ©®¥ ¢à¥¬ï �

2

(�

1

;�

2

)

,Pf�

2

(�

1

;�

2

)

6 tg = 1�e

��

1

�

2

t

, ¯à®Ä

¨áå®¤¨â ª®â ªâ ç áâ¨æë â¨¯  T

1

á ç áâ¨æ¥© â¨¯  T

2

. �â  ¯ à  ç áâ¨æ ¯à¥¢à é ¥âáï

¢ ®¢ãî £àã¯¯ã ¨§ 

1

ç áâ¨æ â¨¯  T

1

¨ 

2

ç áâ¨æ â¨¯  T

2

á à á¯à¥¤¥«¥¨¥¬ fp

2



1



2

g;
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¯à®æ¥áá ¯¥à¥å®¤¨â ¢ á®áâ®ï¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¢¥ªâ®àã (�

1

+ 

1

� 1; �

2

+ 

2

� 1).

�à®¬¥ â®£®, ç¥à¥§ á«ãç ©®¥ ¢à¥¬ï �

1

(�

1

;�

2

)

, Pf�

1

(�

1

;�

2

)

6 tg = 1 � e

���

1

t

, ç áâ¨æ 

â¨¯  T

1

¯à¥¢à é ¥âáï ¢ £àã¯¯ã ç áâ¨æ á à á¯à¥¤¥«¥¨¥¬ fp

1



1



2

g; ¯à®æ¥áá ¯¥à¥å®¤¨â

¢ á®áâ®ï¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¢¥ªâ®àã (�

1

+ 

1

� 1; �

2

+ 

2

). �«ãç ©ë¥ ¢¥«¨ç¨ë

�

1

(�

1

;�

2

)

, �

2

(�

1

;�

2

)

¥§ ¢¨á¨¬ë; ¢ á®áâ®ï¨¨ (�

1

; �

2

) ¯à®æ¥áá  å®¤¨âáï á«ãç ©®¥ ¢à¥¬ï

�

(�

1

;�

2

)

= min(�

1

(�

1

;�

2

)

; �

2

(�

1

;�

2

)

).

� à ¡®â¥ [22℄ ¢¥â¢ïé¨©áï ¯à®æ¥áá �(t) ®¯à¥¤¥«ï«áï ª ª¬®¤¥«ì æ¥¯®© à¥ ªæ¨¨à®�Ä

¤¥¨ï ¥©âà®®¢ (ç áâ¨æë â¨¯  T

1

) á ãç¥â®¬ ï¤¥à âï�¥«ëå í«¥¬¥â®¢ (ç áâ¨æë â¨Ä

¯  T

2

); ¢ [22℄ ¯®« £ «®áì h

2

(s

1

; s

2

) = h

2

(s

1

), h

1

(s

1

; s

2

) = 1.

�«ï ¯à®æ¥áá  �(t) á®áâ®ï¨ï (0; 

2

), 

2

2 N, ï¢«ïîâáï ¯®£«®é îé¨¬¨ (®áâ «¨áì

â®«ìª® §¤®à®¢ë¥ ®á®¡¨). �«ïä¨ «ìëå ¢¥à®ïâ®áâ¥© q

(�

1

;�

2

)

(0;

2

)

= lim

t!1

P

(�

1

;�

2

)

(0;

2

)

(t),



2

2 N, ¢¢®¤¨¬ ¯à®¨§¢®¤ïé¨¥ äãªæ¨¨ (jsj 6 1)

f

(�

1

;�

2

)

(s) =

1

X



2

=0

q

(�

1

;�

2

)

(0;

2

)

s



2

; �(z

1

; z

2

; s) =

1

X

�

1

;�

2

=0

z

�

1

1

z

�

2

2

�

1

!�

2

!

f

(�

1

;�

2

)

(s): (3.19)

� «®£¨ç® â¥®à¥¬¥ 3.1, ¨áå®¤ï ¨§ ãà ¢¥¨ï (1.18), ãáâ  ¢«¨¢ ¥âáï ãà ¢¥¨¥ ¤«ï

¤¢®©®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨

�

z

2

�

h

1

�

�

�z

1

;

�

�z

2

�

�

�

2

�z

1

�z

2

�

+ �

�

h

2

�

�

�z

1

;

�

�z

2

�

�

�

�z

1

��

�(z

1

; z

2

; s) = 0: (3.20)

�§ à ¢¥áâ¢ ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥©: q

(0;

2

)

(0;

2

)

= 1; q

(0;

2

)

(0;�

2

)

= 0, ¥á«¨ �

2

6= 

2

,

á«¥¤ã¥â £à ¨ç®¥ ãá«®¢¨¥ �(0; z

2

; s) = e

z

2

s

.

�â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ïä¨ «ìëå ¢¥à®ïâ®áâ¥© ¢ á«ãç ¥h

2

(s

1

; s

2

) = s

1

,

h

1

(s

1

; s

2

) = 1. �«ï ¯à®æ¥áá  í¯¨¤¥¬¨¨ �¥©á  [126℄, [114℄ ãà ¢¥¨¥ (3.20) ¯®«ãç ¥â

¢¨¤

z

2

�

z

1

z

2

+ (�� z

2

)�

z

1

� �� = 0: (3.21)

�á«¨  ç «ì®¥ á®áâ®ï¨¥ à áá¬ âà¨¢ ¥¬®£® ¯à®æ¥áá  (�

1

; 0), â® ¯à®¨áå®¤¨â áª Ä

ç®ª ¢ á®áâ®ï¨¥ (�

1

�1; 0); á«¥¤®¢ â¥«ì®, ä¨ «ìë¥ ¢¥à®ïâ®áâ¨ à ¢ë: q

(�

1

;0)

(0;0)

= 1

¯à¨�

1

= 0; 1; : : : ; q

(�

1

;0)

(0;

2

)

= 0¯à¨�

1

=0; 1; : : : ¨ 

2

=1; 2; : : : . �âáî¤ �(z

1

; 0; s)= e

z

1

.

� ª¨¬ ®¡à §®¬, ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï (3.21) ¨¬¥¥¬ § ¤ çã �ãàá : § ¤ ë

£à ¨çë¥ãá«®¢¨ï   å à ªâ¥à¨áâ¨ª å z

1

= 0¨ z

2

= 0,�(0; z

2

; s) = e

z

2

s

, �(z

1

; 0; s) =

e

z

1

. �à ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå £¨¯¥à¡®«¨ç¥áª®£® â¨¯ , ª®£¤  ª®íää¨æ¨¥âë

ï¢«ïîâáï «¨¥©ë¬¨ äãªæ¨ï¬¨ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå, à áá¬ âà¨¢ «¨áì ¢ [19℄

¨ [103; x41℄. � à ¡®â¥ [43℄  ©¤¥  äãªæ¨ï �¨¬   ¤«ï ãà ¢¥¨ï (3.21) ¨ ¯®«ãç¥®

ï¢®¥ à¥è¥¨¥

�(z

1

; z

2

; s) =

Z

1

0

�

1 +

1

�

(s� 1)e

�x=�

z

2

�

e

�x+(1�e

�x=�

+se

�x=�

)z

2

J

0

�

2

p

�z

1

x

�

dx:

(3.22)

�§ ®¯à¥¤¥«¥¨ï (3.19) äãªæ¨¨ �(z

1

; z

2

; s) ¨ (3.22), ¨á¯®«ì§ãï à §«®�¥¨ï ¢ àï¤ë

e

z

=

1

X

i=0

z

i

i!

; J

0

(z) =

1

X

j=0

(�1)

j

(z=2)

2j

j! j!

;
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¯®«ãç ¥¬ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥

f

(�

1

;�

2

)

(s) =

1

�

1

!

Z

1

0

x

�

1

h

(1� e

�x=�

+ se

�x=�

)

�

2

+

1

�

�

2

(s� 1)e

�x=�

(1� e

�x=�

+ se

�x=�

)

�

2

�1

i

e

�x

dx:

Ǳà®¨â¥£à¨àã¥¬ ¢â®à®¥ á« £ ¥¬®¥ ¯® ç áâï¬; ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãâ¢¥à�¤¥¨î.

�¥®à¥¬  3.5 [43℄. Ǳãáâì ¬ àª®¢áª¨© ¯à®æ¥áá   ¬®�¥áâ¢¥ á®áâ®ï¨© N

2

§ ¤  á®®â®è¥¨ï¬¨ (3.18) ¨ h

2

(s

1

; s

2

) = s

1

, h

1

(s

1

; s

2

) = 1. Ǳà®¨§¢®¤ïé ï äãªÄ

æ¨ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© ¨¬¥¥â ¢¨¤ (�

1

6= 0)

f

(�

1

;�

2

)

(s) =

1

(�

1

� 1)!

Z

1

0

x

�

1

�1

(1� e

�x=�

+ s e

�x=�

)

�

2

e

�x

dx: (3.23)

Ǳãáâì �

(�

1

;�

2

)

{ ç¨á«® ä¨ «ìëå ç áâ¨æ â¨¯  T

2

, ª®â®àë¥ ®áâ ãâáï ¯®á«¥ ®áâ Ä

®¢ª¨ ¯à®æ¥áá . Ǳà®¨§¢®¤ïé ï äãªæ¨ï (3.23) § ¤ ¥â à á¯à¥¤¥«¥¨¥ á«ãç ©®© ¢¥Ä

«¨ç¨ë �

(�

1

;�

2

)

  á®áâ®ï¨ïå f(0; 

2

), 

2

= 0; : : : ; �

2

g. �§ (3.23) ¯® ä®à¬ã« ¬ (1.4)

¨ (1.5) ¯®«ãç ¥¬ ¤«ï áà¥¤¥£® ¨ ¤¨á¯¥àá¨¨:

E�

(�

1

;�

2

)

= �

2

�

�

1 + �

�

�

1

; D�

(�

1

;�

2

)

� �

2

2

��

�

2 + �

�

�

1

�

�

�

1 + �

�

2�

1

�

¯à¨ �

2

! 1. �â ¤ àâë¬ ®¡à §®¬ ¯à¨¬¥¨¢ ¬¥â®¤ å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨© ª

¢ëà �¥¨î (3.23) (áà. [106; £«. 5, x5℄, [41℄), ¯®«ãç ¥¬ ¯à¥¤¥«ìãî â¥®à¥¬ã { ãâ¢¥à�Ä

¤¥¨¥ â¨¯  \¯®à®£®¢®© â¥®à¥¬ë" [6℄, [114℄.

�¥®à¥¬  3.6. Ǳãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 3:5. Ǳ®«®�¨¬ x 2 [0; 1℄.

�®£¤ 

lim

�

2

!1

P

�

�

(�

1

;�

2

)

�

2

6 x

�

=

1

(�

1

� 1)!

Z

1

�� lnx

y

�

1

�1

e

�y

dy:

�ï¤ ¯à¥¤¥«ìëå â¥®à¥¬ ¤«ï �

(�

1

;�

2

)

ãáâ ®¢«¥ ¢ [114℄.

� [43℄ ¯®«ãç¥® à¥è¥¨¥ ãà ¢¥¨ï (3.20) ¢ á«ãç ¥ h

2

(s

1

; s

2

) = p

2

10

s

1

+ p

2

01

s

2

+ p

2

00

,

h

1

(s

1

; s

2

) = 1.

�¥â¥à¬¨¨à®¢ ®¥ ¯à¨¡«¨�¥¨¥. �§ ¨¬®á¢ï§ì ¢¥à®ïâ®áâ®£® ¨ ¤¥â¥à¬¨¨áâ¨Ä

ç¥áª®£® ®¯¨á ¨© ¤«ï à §«¨çëå ¬ àª®¢áª¨å ¯à®æ¥áá®¢ í¯¨¤¥¬¨¨ à áá¬ âà¨¢ « áì

¢ [6℄, [10℄, [4℄ ¨ ¤à. Ǳà®æ¥ááã í¯¨¤¥¬¨¨ �¥©á  á®®â¢¥âáâ¢ã¥â ¤¥â¥à¬¨¨à®¢  ï ¬®Ä

¤¥«ì ¢ ¢¨¤¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© [126℄

_x

1

= ��x

1

; _x

2

= �x

1

x

2

;

£¤¥ x

1

(t) { ª®«¨ç¥áâ¢® ¡®«ìëå ®á®¡¥©, x

2

(t) { ª®«¨ç¥áâ¢® ®á®¡¥©, ¢®á¯à¨¨¬ç¨¢ëå ª

¨ä¥ªæ¨®®¬ã § ¡®«¥¢ ¨î.
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3.3.3. �¥à¥è¥ë¥ § ¤ ç¨. �¨�¥ áä®à¬ã«¨à®¢ ë § ¤ ç¨ ® áâ æ¨® àëå ¨

ä¨ «ìëå ¢¥à®ïâ®áâïå ¤«ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ª« áá  B

2

á® áå¥¬ ¬¨,  ¨¡®«¥¥

¡«¨§ª¨¬¨ª áå¥¬ ¬¯à®æ¥áá®¢ ª« áá B

1

, ¨áá«¥¤®¢ ëå ¢ [106℄. Ǳ®áâ ®¢ª  § ¤ ç¤«ï

®¡é¨å áå¥¬ ¢§ ¨¬®¤¥©áâ¢¨© ¢®§¬®�  ¯à¨ ãá«®¢¨¨ ª« áá¨ä¨ª æ¨¨ ¯à®æ¥áá®¢ ª« áÄ

á  B

2

.

1. �«ï ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ ª« áá B

1

¢ [106; £«. 4, x6℄ ¤   ª« áá¨ä¨ª æ¨ï â¨¯®¢

ç áâ¨æ. �ëï¢¨âì   «®£¨çãî ª« áá¨ä¨ª æ¨î â¨¯®¢ ç áâ¨æ ¤«ï ¢¥â¢ïé¨åáï ¯à®æ¥áÄ

á®¢ ª« áá B

2

.

2. �«ï ¯à®æ¥áá  á ¨¬¬¨£à æ¨¥© ¨§ ª« áá  B

2

á® áå¥¬®© 0 ! k

0

T , T ! k

1

T , 2T !

k

2

T ([106; £«. 7℄, [121; x9.1℄, [74℄) ¢â®à®¥ ãà ¢¥¨¥ �®«¬®£®à®¢  ¨¬¥¥â ¢¨¤ (� > 0,

� > 0, � > 0)

�F

i

(t; s)

�t

= �(h

2

(s)� s

2

)

�

2

F

i

(t; s)

�s

2

+ �(h

1

(s)� s)

�F

i

(t; s)

�s

+ �(h

0

(s)� 1)F

i

(t; s)

á  ç «ìë¬ ãá«®¢¨¥¬ F

i

(0; s) = s

i

. Ǳãáâì áà¥¤¥¥ ç¨á«® ¯®ï¢«ïîé¨åáï ç áâ¨æ ¯à¨

¯ à®¬¢§ ¨¬®¤¥©áâ¢¨¨¬¥ìè¥¤¢ãå, â.¥. ¯ à ¬¥âàªà¨â¨ç®áâ¨a

2

= �(h

0

2

(1)�2) < 0.

� ©â¨ ï¢ë¥ ¢ëà �¥¨ï ¤«ï áâ æ¨® à®£® à á¯à¥¤¥«¥¨ï ¬ àª®¢áª®£® ¯à®æ¥áá  ¯à¨

ç áâëå ¯à¥¤¯®«®�¥¨ïå ® ¯à®¨§¢®¤ïé¨å äãªæ¨ïå h

0

(s), h

1

(s), h

2

(s).

3. �«ï ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á ¤¢ã¬ï ª®¬¯«¥ªá ¬¨¢§ ¨¬®¤¥©áâ¢¨ïT ! k

1

T , 2T !

k

2

T ¯¥à¢®¥ ãà ¢¥¨¥ �®«¬®£®à®¢  ¨¬¥¥â ¢¨¤ [59℄

�G

j

(t; z)

�t

=

�

�z

2

�

h

2

�

�

�z

�

�

�

2

�z

2

�

+ �z

�

h

1

�

�

�z

�

�

�

�z

��

G

j

(t; z); G

j

(0; z) =

z

j

j!

:

Ǳ®«ãç¨âì ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ¢¥à®ïâ®áâ¨ ¢ëà®�¤¥¨ï q

i0

.

4. �«ï ¯à®æ¥áá  ¨§ ª« áá B

2

á® áå¥¬®© ¢§ ¨¬®¤¥©áâ¢¨© T

1

! 

1

1

T

1

+ 

1

2

T

2

, 2T

2

!



2

1

T

1

+ 

2

2

T

2

¯¥à¢®¥ ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

�G

�

(t; z)

�t

=

�

�z

2

2

�

h

2

�

�

�z

�

�

�

2

�z

2

2

�

+ �z

1

�

h

1

�

�

�z

�

�

�

�z

1

��

G

�

(t; z);

G

�

(0; z) =

z

�

�!

:

� ©â¨ ¢¥à®ïâ®áâ¨ ¢ëà®�¤¥¨ï q

(�

1

;�

2

)

(0;0)

, q

(�

1

;�

2

)

(0;1)

.

5. �«ï ¢¥â¢ïé¥£®áï ¯à®æ¥áá  �(t) = (�

1

(t); �

2

(t)) ¨§ ¯. 3.3.1 à áá¬®âà¨¬ áà¥¤¨¥

A

1

(t) = E�

1

(t), A

2

(t) = E�

2

(t). � á«ãç ¥ h(s

1

; s

2

) = s

2

h

1

(s

1

) ¥âàã¤® ¯®«ãç¨âì

¯à¨  ç «ì®¬ á®áâ®ï¨¨ ¯à®æ¥áá  (�

1

; �

2

): A

1

(t) = �

1

e

�

2

a

1

t

, A

2

(t) = �

2

, £¤¥ a

1

=

�((�h

1

=�s

1

)j

s=1

�1) { ¯ à ¬¥âà ªà¨â¨ç®áâ¨. �áá«¥¤®¢ âì  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥Ä

¨¥ áà¥¤¨å A

1

(t), A

2

(t), ª®£¤  t!1, ¯à¨ ¤àã£¨å ç áâëå ¯à¥¤¯®«®�¥¨ïå ® ¯à®¨§Ä

¢®¤ïé¥© äãªæ¨¨ h(s

1

; s

2

).

� ©â¨ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© q

(�

1

;�

2

)

(0;

2

)

¯à¨ ¯à®Ä

¨§¢®«ì®© äãªæ¨¨ h(s

1

; s

2

).
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6. �«ï¯à®æ¥áá  í¯¨¤¥¬¨¨� àâ«¥ââ {� ª-�¥¤à¨ª h

2

(s

1

; s

2

) = s

2

1

,h

1

(s

1

; s

2

) = 1

[6℄, [24℄ ¨ áâ æ¨® à®¥ ãà ¢¥¨¥ (3.20) ¨¬¥¥â ¢¨¤

z

2

�

z

1

z

2

� z

2

�

z

1

z

1

+ ��

z

1

� �� = 0

á £à ¨çë¬¨ ãá«®¢¨ï¬¨ �(0; z

2

; s) = e

z

2

s

, �(z

1

; 0; s) = e

z

1

. � ©â¨ äãªæ¨î �¨¬  

¨ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ �(z

1

; z

2

; s). Ǳ®«ãç¥®¥ ¢

à ¡®â å [28℄, [111℄ £à®¬®§¤ª®¥ ¢ëà �¥¨¥ ¤«ï ä¨ «ìëå ¢¥à®ïâ®áâ¥© q

(�

1

;�

2

)

(0;

2

)

¬ «®Ä

¯à¨£®¤® ¤«ï  á¨¬¯â®â¨ç¥áª®£® ¨áá«¥¤®¢ ¨ï.

�¥è¨âì ãà ¢¥¨¥ (3.20) ¢ á«ãç ¥ h

2

(s

1

; s

2

) = p

2

20

s

2

1

+ p

2

02

s

2

2

+ p

2

10

s

1

+ p

2

01

s

2

+ p

2

00

,

h

1

(s

1

; s

2

) = p

1

2

s

2

1

+ p

1

0

; £à ¨çë¥ ãá«®¢¨ï �(0; z

2

; s) = e

z

2

s

, �(z

1

; 0; s) = e

z

1

q

, £¤¥ q {

¡«¨� ©è¨© ª ã«î ª®à¥ì ãà ¢¥¨ï p

1

2

s

2

1

+ p

1

0

� s

1

= 0.

7. �«ï ¬ àª®¢áª®£® ¯à®æ¥áá  \å¨é¨ª{�¥àâ¢ " ¨§ x2.3  ©â¨ ¨â¥£à «ì®¥ ¯à¥¤Ä

áâ ¢«¥¨¥ ¤«ï ¢¥à®ïâ®áâ¨ ¢ëà®�¤¥¨ï q

(�

1

;�

2

)

(0;0)

¯ãâ¥¬ à áá¬®âà¥¨ï áâ æ¨® à®£®

¯¥à¢®£® ãà ¢¥¨ï �®«¬®£®à®¢ .

�« ¢  4. �à¥âì¥ ãà ¢¥¨¥ �®«¬®£®à®¢ 

Ǳ¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á® áç¥âë¬ ¬®�¥áâ¢®¬ á®áâ®ï¨©

ã¤®¢«¥â¢®àïîâ ¯¥à¢®© ¨ ¢â®à®© á¨áâ¥¬ ¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.2) ¨ (1.3),

ª®â®àë¥ ï¢«ïîâáï «¨¥©ë¬¨. �¢¥¤¥ë© ¢ à ¡®â¥ [71℄ ¬ àª®¢áª¨© ¢¥â¢ïé¨©áï ¯à®Ä

æ¥áá ®¯¨á  ª ª ¯à®æ¥áá í¢®«îæ¨¨ ç áâ¨æ; ¨áå®¤ï ¨§ ¯à¥¤¯®«®�¥¨ï ® ¥§ ¢¨á¨¬®áâ¨

®â¤¥«ìëå í¢®«îæ¨®¨àãîé¨å ç áâ¨æ ¤àã£ ®â ¤àã£ , ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥Ä

à¥å®¤ëå ¢¥à®ïâ®áâ¥© â ª®£® ¯à®æ¥áá  ¢ [71℄ ¯®«ãç¥® ¥«¨¥©®¥ ¤¨ää¥à¥æ¨ «ìÄ

®¥ ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª . �¢â®àë à ¡®âë ¯®¤ç¥àªã«¨: \: : : § ¬¥ç ¨¥ ¯®ª Ä

§ë¢ ¥â, çâ®  è¨ `¢¥â¢ïé¨¥áï á«ãç ©ë¥ ¯à®æ¥ááë' ¯® áãé¥áâ¢ã ï¢«ïîâáï «¨èì ç áâÄ

ë¬ á«ãç ¥¬ ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á® áç¥âë¬ ç¨á«®¬ á®áâ®ï¨©. �«ï íâ®£® ç áâ®Ä

£® á«ãç ï ¬ë ¯®«ãç¨¬, ®¤ ª®,   «¨â¨ç¥áª¨©  ¯¯ à â, § ç¨â¥«ì® ¡®«¥¥ íää¥ªâ¨¢Ä

ë©, ç¥¬ â®â, ª®â®àë© ¬®�¥â ¡ëâì à §¢¨â ¤«ï ®¡é¥£® á«ãç ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢

á® áç¥âë¬ ç¨á«®¬ á®áâ®ï¨©" (¢ë¤¥«¥¨¥ ¢ â¥ªáâ¥ ¯à¨ ¤«¥�¨â  ¢â®à ¬ [71℄). �¥¬

á ¬ë¬ à ¡®â®© [71℄ ¯®áâ ¢«¥ë á«¥¤ãîé¨¥ ¢®¯à®áë. �¬¥îâáï «¨ ¤àã£¨¥ ç áâë¥

á«ãç ¨ ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á® áç¥âë¬ ç¨á«®¬ á®áâ®ï¨©, ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áÄ

â¨ ª®â®àëå ã¤®¢«¥â¢®àïîâ ¥«¨¥©®¬ã ãà ¢¥¨î? �á«¨ ¯à¨¬¥àë â ª¨å ¬ àª®¢Ä

áª¨å ¯à®æ¥áá®¢ ¨¬¥îâáï, â® ª ª¨¬ ®¡à §®¬ ¨§ ¬®�¥áâ¢  ¢á¥å ¬ àª®¢áª¨å ¯à®æ¥áá®¢

¢ë¤¥«ïîâáï ¢®§¬®�ë¥ á¯¥æ¨ «ìë¥ ª« ááë¬ àª®¢áª¨å ¯à®æ¥áá®¢, ¯¥à¥å®¤ë¥ ¢¥à®Ä

ïâ®áâ¨ ª®â®àëå ã¤®¢«¥â¢®àïîâ ¥«¨¥©ë¬ ãà ¢¥¨ï¬ à §®£® â¨¯ ?

�¥â®¤ë ¨áá«¥¤®¢ ¨ï ¢¥â¢ïé¨åáï á«ãç ©ëå ¯à®æ¥áá®¢ ¯®«ãç¨«¨ £«ã¡®ª®¥ à §¢¨Ä

â¨¥ [106℄. �¥ª®â®àë¥ ¯®«®�¥¨ï â¥®à¨¨ ¬ àª®¢áª¨å ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ ªà âª® ¨§Ä

«®�¥ë ¢ x4.1, £¤¥ ¤  ®¤¨ ¨§ ¢®§¬®�ëå á¯®á®¡®¢ ¢ë¢®¤  ¥«¨¥©®£® ãà ¢¥¨ï

¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¯à®æ¥áá . �¥«¨¥©®¥ ãà ¢¥Ä

¨¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á¢®©áâ¢  ¢¥â¢«¥¨ï.

� x4.2 ¤  ¢ë¢®¤ âà¥âì¥£® (¥«¨¥©®£®) ãà ¢¥¨ï ¤«ï ¯à®æ¥áá®¢ ¨§ ª« áá  B

2

á

¯ àë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ 2T ! kT , k = 0; 1, ¨ 2T ! 3T ; ¤«ï â ª¨å ¯à®æ¥áá®¢

ª¢ ¤à â¨ç®£® â¨¯   ©¤¥ë â®çë¥ à¥è¥¨ï ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢¥¨© �®«¬®Ä

£®à®¢ . �¡®¡é¥®¥ á¢®©áâ¢® ¢¥â¢«¥¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¢ëï¢«¥® ¯ãâ¥¬

¯®áâà®¥¨ï § ¬ªãâëå à¥è¥¨© ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯ à ¡®«¨ç¥áª®£®

â¨¯ ; ¨á¯®«ì§®¢ ë ¬¥â®¤ à §¤¥«¥¨ï ¯¥à¥¬¥ëå ¨ ä®à¬ã«ë áã¬¬¨à®¢ ¨ï â¥®à¨¨
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á¯¥æ¨ «ìëå äãªæ¨©. Ǳ®«ãç¥ë¥ ¥«¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ï¢«ïÄ

îâáï ãà ¢¥¨ï¬¨ ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª . �¯¨á ë¥ á¯®á®¡ë ¯®Ä

áâà®¥¨ï à¥è¥¨© «¨¥©ëå ãà ¢¥¨©�®«¬®£®à®¢  ¯à¨¬¥¨¬ëª ®¤®¬¥àë¬¨¬®Ä

£®¬¥àë¬ ¬ àª®¢áª¨¬ ¯à®æ¥áá ¬ à®�¤¥¨ï ¨ £¨¡¥«¨ ãª § ëå ¢ x2.1 â¨¯®¢.

x4.1. �¥«¨¥©®¥ ãà ¢¥¨¥ â¥®à¨¨ ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢

� áá¬®âà¨¬ ®¤®à®¤ë© ¢® ¢à¥¬¥¨ ¬ àª®¢áª¨© ¯à®æ¥áá �

t

, t 2 [0;1),   ¬®�¥áâÄ

¢¥ á®áâ®ï¨© N = f0; 1; 2; : : :g á ¯¥à¥å®¤ë¬¨ ¢¥à®ïâ®áâï¬¨ P

ij

(t); ¨ä¨¨â¥§¨¬ «ìÄ

ë¥ å à ªâ¥à¨áâ¨ª¨a

ij

= (dP

ij

(t)=dt)j

t=0+

, i; j 2 N, ®¯à¥¤¥«¨¬à ¢¥áâ¢ ¬¨ (� > 0):

a

ij

= i�p

j�i+1

; j > i� 1; j 6= i; a

ii

= �i�; a

ij

= 0; j < i� 1:

�¤¥áì § ¤ ® à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥© fp

k

, k 2 N; p

1

= 0g. � ¯®¬®éìî ¯à®¨§¢®Ä

¤ïé¨å äãªæ¨© (jsj < 1)

F

i

(t; s) =

1

X

j=0

P

ij

(t)s

j

; i 2 N; h(s) =

1

X

k=0

p

k

s

k

; (4.1)

¢â®à ï á¨áâ¥¬  ãà ¢¥¨© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

�F

i

(t; s)

�t

= �(h(s)� s)

�F

i

(t; s)

�s

; F

i

(0; s) = s

i

: (4.2)

�¢®© ï ¯à®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©

F(t; z; s) =

1

X

i=0

z

i

i!

F

i

(t; s) =

1

X

i;j=0

z

i

i!

P

ij

(t)s

j

=

1

X

j=0

G

j

(t; z)s

j

(4.3)

ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬ �®«¬®£®à®¢  (1.18) ¨ (1.19),

�F

�t

= �z

�

h

�

�

�z

�

�

�

�z

�

F; (4.4)

�F

�t

= �(h(s)� s)

�F

�s

; F(0; z; s) = e

zs

: (4.5)

�¥è¥¨¥ áâ ¤ àâë¬¨¬¥â®¤ ¬¨ [63℄ «¨¥©®£® ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå

¯¥à¢®£® ¯®àï¤ª  (4.2) ¯à¨¢®¤¨â ª á¢®©áâ¢ã ¢¥â¢«¥¨ï ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãÄ

ç ©®£® ¯à®æ¥áá :

F

i

(t; s) = F

i

1

(t; s); i 2 N; (4.6)

â.¥. ¯¥à¥å®¤ë¥ ¢¥à®ïâ®áâ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (á¬. [106; £«. 1, x1, ä®à¬ã«  (5)℄)

P

ij

(t) =

X

j

1

+j

2

+���+j

i

=j

P

1j

1

(t)P

1j

2

(t) � � �P

1j

i

(t): (4.7)

�¥©áâ¢¨â¥«ì®, ¯ãáâì äãªæ¨ï F

1

(t; s) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (4.2) á  ç «ìÄ

ë¬ ãá«®¢¨¥¬ s; â®£¤  ¯®¤áâ ®¢ª®© ¢ (4.2) «¥£ª® ¯à®¢¥àï¥âáï, çâ® äãªæ¨ï F

i

1

(t; s)

ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (4.2) á  ç «ìë¬ ãá«®¢¨¥¬ s

i

. �¢®©áâ¢® ¢¥â¢«¥¨ï (4.6)

á®¢¬¥áâ® á ãá«®¢¨¥¬ ¥¤¨áâ¢¥®áâ¨ a = �(h

0

(1)� 1) < 1 à¥è¥¨ï ãà ¢¥¨ï (4.2)

à áá¬®âà¥® ¢ [33; £«. 5, x4℄.
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�§ (4.6) ¨¬¥¥¬ ¤«ï ¤¢®©®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨

F(t; z; s) =

1

X

i=0

z

i

i!

F

i

1

(t; s) = e

zF

1

(t;s)

: (4.8)

Ǳ®¤áâ ¢«ïï ¢ëà �¥¨¥ (4.8) ¢ ¯¥à¢®¥ ãà ¢¥¨¥ (4.4), ¯à¨å®¤¨¬ª®¡ëª®¢¥®¬ã¤¨äÄ

ä¥à¥æ¨ «ì®¬ã ãà ¢¥¨î ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ F

1

(t; s) (á¬. [106; £«. 1, x4,

â¥®à¥¬  5℄, [33; £«. 5, x9, ãà ¢¥¨¥ (9.1)℄):

�F

1

(t; s)

�t

= �

�

h(F

1

(t; s))� F

1

(t; s)

�

; F

1

(0; s) = s: (4.9)

� ª¨¬ ®¡à §®¬, ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá  �

t

¨§ ª« áá B

1

¨¬¥¥¬ âà¨ ãà ¢¥¨ï: ¯¥àÄ

¢®¥ ¨ ¢â®à®¥ ãà ¢¥¨ï �®«¬®£®à®¢  ¨ ¥«¨¥©®¥ ãà ¢¥¨¥ (4.9).

Ǳà®æ¥ááã �

t

á®®â¢¥âáâ¢ã¥â áå¥¬  ¯à¥¢à é¥¨© T ! kT ; á®áâ®ï¨¥ ¯à®æ¥áá  j ¨Ä

â¥à¯à¥â¨àã¥âáï ª ª  «¨ç¨¥ j ç áâ¨æ â¨¯  T . � áâ¨æ  ¬®�¥â ¤ âì ¯®â®¬áâ¢® { á®Ä

¢®ªã¯®áâì ¨§ k ç áâ¨æ â¨¯  T á à á¯à¥¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥© fp

k

g; ª �¤ ï ¨§ i  Ä

ç «ìëå ç áâ¨æ ¢ ¬®¬¥â ¢à¥¬¥¨ t ¨¬¥¥â á«ãç ©®¥ ç¨á«® ¯®â®¬ª®¢ �

(l)

t

(l = 1; : : : ; i),

¨ á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ [106; £«. 1, x2℄

�

t

= �

(1)

t

+ � � �+ �

(i)

t

: (4.10)

�¢®©áâ¢® ¢¥â¢«¥¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (4.7) ®§ ç ¥â, çâ® ¢á¥ á«ãç ©ë¥ ¢¥Ä

«¨ç¨ë �

(l)

t

, l = 1; : : : ; i, ¥§ ¢¨á¨¬ë ¨ ®¤¨ ª®¢® à á¯à¥¤¥«¥ë. � ®¡é¥© â¥®à¨¨ ¢¥âÄ

¢ïé¨åáï ¯à®æ¥áá®¢ áâà®ïâáï ¯à®áâà áâ¢® í«¥¬¥â àëå á®¡ëâ¨©, á®áâ®ïé¥¥ ¨§ ®¯¨Ä

á ¨ï í¢®«îæ¨© ª �¤®© ®â¤¥«ì®© ç áâ¨æë ¨§ áãé¥áâ¢®¢ ¢è¨å ¢ ¯à®¬¥�ãâ®ª ¢à¥Ä

¬¥¨ [0; t℄ { ¬®�¥áâ¢® ¤¥à¥¢ì¥¢, ¨ á®®â¢¥âáâ¢ãîé ï ¢¥à®ïâ®áâ ï ¬¥à    ¤¥à¥¢ìïå

[106; £«. 12℄. �  à¨á. 5 (x5.3) ¨§®¡à �¥ ¯à¨¬¥à à¥ «¨§ æ¨¨ ¢¥â¢ïé¥£®áï ¯à®æ¥áá  ¢

â ª®¬ ä §®¢®¬ ¯à®áâà áâ¢¥. �¢ï§ì å à ªâ¥à¨áâ¨ª ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ á å à ªâ¥Ä

à¨áâ¨ª ¬¨ á«ãç ©ëå ¤¥à¥¢ì¥¢ ¨ «¥á®¢ ¨§ãç « áì ¢ [67℄ (á¬. â ª�¥ ®¡§®à «¨â¥à âãàë

¢ [68; x1.9℄).

�§ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢¥¨© (4.4) ¨ (4.5) á«¥¤ã¥â

(h(s)� s)

�F

�s

� z

�

h

�

�

�z

�

�

�

�z

�

F = 0:

Ǳ®¤áâ ¢«ïï ¢ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ëà �¥¨¥ (4.8), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãà ¢¥Ä

¨î ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ F

1

(t; s):

(h(s)� s)

�F

1

�s

� (h(F

1

)� F

1

) = 0: (4.11)

�â¬¥â¨¬ ç áâë¥ á«ãç ¨ á¢®©áâ¢  ¢¥â¢«¥¨ï (4.6). �§ ¤ ëå ¢ ¯. 2.1.1 ï¢ëå à¥Ä

è¥¨© ãà ¢¥¨© �®«¬®£®à®¢  ¨¬¥¥¬ ¤«ï ¯à®æ¥áá  ¯à®áâ®© £¨¡¥«¨ «¨¥©®£® â¨¯ ,

ª®£¤  h(s) = 1 (a

i;i�1

= i�, a

ii

= �i�):

F

i

(t; s) = (1� e

��t

+ s e

��t

)

i

; i 2 N: (4.12)

�«ï ¯à®æ¥áá  ç¨áâ®£® à®�¤¥¨ï «¨¥©®£® â¨¯ , ª®£¤  h(s) = s

2

(a

ii

= �i�, a

i;i+1

=

i�),

F

i

(t; s) =

�

s e

��t

1� s (1� e

��t

)

�

i

; i 2 N: (4.13)

�«ï ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ «¨¥©®£® â¨¯ , ª®£¤  h(s) = p

0

+ p

2

s

2

(a

i;i�1

=

i�p

0

, a

ii

= �i�, a

i;i+1

= i�p

2

), ¢ëà �¥¨¥ ¤«ï F

i

(t; s) ¤ ® ä®à¬ã«®© (2.11).
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�.�. ��������

x4.2. �¥â¢ïé¨©áï ¯à®æ¥áá á ¯ àë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨

� áá¬®âà¨¬ ¬ àª®¢áª¨© ¯à®æ¥áá �

t

, t 2 [0;1),   ¬®�¥áâ¢¥ á®áâ®ï¨© N, ¯à¨ ¤Ä

«¥� é¨© ª« ááãB

2

; ¨ä¨¨â¥§¨¬ «ìë¥ å à ªâ¥à¨áâ¨ª¨ ¯à®æ¥áá  § ¤ ¤¨¬ à ¢¥áâÄ

¢ ¬¨ (� > 0):

a

ij

= i(i�1)�p

j�i+2

; j > i�2; j 6= i; a

ii

= �i(i�1)�; a

ij

= 0; j < i�2; (4.14)

£¤¥ fp

k

, k 2 N; p

2

= 0g { à á¯à¥¤¥«¥¨¥ ¢¥à®ïâ®áâ¥©. �«ï ¯à®¨§¢®¤ïé¥© äãªÄ

æ¨¨ (4.1) ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©P

ij

(t) ¯à®æ¥áá  �

t

¨¬¥¥â ¬¥áâ® ãà ¢¥¨¥ ¢ ç áâëå

¯à®¨§¢®¤ëå ¢â®à®£® ¯®àï¤ª  ¯ à ¡®«¨ç¥áª®£® â¨¯ :

�F

i

(t; s)

�t

= �(h(s)� s

2

)

�

2

F

i

(t; s)

�s

2

; F

i

(0; s) = s

i

: (4.15)

�¢®© ï ¯à®¨§¢®¤ïé ï äãªæ¨ï (4.3) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬ �®«¬®£®à®¢ 

�F

�t

= �z

2

�

h

�

�

�z

�

�

�

2

�z

2

�

F ;

�F

�t

= �(h(s) � s

2

)

�

2

F

�s

2

; F(0; z; s) = e

zs

:

�âáî¤  á«¥¤ã¥â à ¢¥áâ¢®

(h(s)� s

2

)

�

2

F

�s

2

� z

2

�

h

�

�

�z

�

�

�

2

�z

2

�

F = 0: (4.16)

�áá«¥¤®¢ ¨¥ ãà ¢¥¨ï (4.15) ç â® ¢à ¡®â¥ [104℄. �ãé¥áâ¢®¢ ¨¥ ¨¬¥îé¥£® ¢¥Ä

à®ïâ®áâë© á¬ëá« à¥è¥¨ï § ¤ ç¨ �®è¨ (4.15) á«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï

¢â®à®© á¨áâ¥¬ë¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© [26℄, [30℄.

� [104℄ ¯®ª § ®, çâ® ¥á«¨ ¯ à ¬¥âà ªà¨â¨ç®áâ¨ a = �(h

0

(1) � 2) 6 0, â® à¥è¥¨¥

§ ¤ ç¨ (4.15) ¥¤¨áâ¢¥® ¨ ¢ë¯®«¥® ãá«®¢¨¥ à¥£ã«ïà®áâ¨ ¤«ï ¢¥â¢ïé¥£®áï ¯à®Ä

æ¥áá  [106; £«. 1, x5℄: lim

s"1

F

i

(t; s) � 1.

� à ¡®â¥ [3℄ ¤«ï ªà¨â¨ç¥áª®£® ¢¥â¢ïé¥£®áï ¯à®æ¥áá  (a = 0) à áá¬ âà¨¢ «®áì

 á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥¨¥ ¯à¨ t ! 1 ¢¥à®ïâ®áâ¨ Q

i

(t) ¯à®¤®«�¥¨ï ¯à®æ¥áá ,

Q

i

(t) = Pf�

t

> 0 j �

0

= ig = 1� F

i

(t; 0). �áâ ®¢«¥®, çâ® Q

2

(t) = o(e

�Æt

) ¤«ï ¥ª®Ä

â®à®£® Æ > 0; ¢ [3℄ ª ãà ¢¥¨î (4.15) ¯à¨¬¥¥ë ¬¥â®¤ë ®¯¥à æ¨®®£® ¨áç¨á«¥¨ï.

� [54℄, [55℄ ¯à¨ h(s) = s

4

=2+ 1=2 ¯®áâà®¥® ï¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (4.15) ¨  ©¤¥ 

â®ç ï  á¨¬¯â®â¨ª  ¤«ï Q

i

(t) ¢ íâ®¬ á«ãç ¥.

� «¥¥ ¯à¨¢¥¤¥ë à¥§ã«ìâ âë, ¯à¥¤¢ à¨â¥«ì®¥ ¨§«®�¥¨¥ ª®â®àëå ¤ ® ¢ ¯ã¡«¨Ä

ª æ¨ïå [47℄, [50℄. Ǳà¨ ¢ë¢®¤¥ ¥«¨¥©®£® ãà ¢¥¨ï â¥®à¨¨ ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢

®á®¢ë¬ ï¢«ï¥âáï  «¨ç¨¥ á¢®©áâ¢  ¢¥â¢«¥¨ï (4.6). �«ï ¢¥â¢ïé¥£®áï ¯à®æ¥áá  �

t

á® áå¥¬®© 2T ! kT á¢®©áâ¢® (4.6) ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¥ ¨¬¥¥â ¬¥áâ , ®¤ Ä

ª® ã¤ «®áì ¢ëï¢¨âì   «®£ á¢®©áâ¢  (4.6) ¨ ®¡®¡é¥¨¥ ãà ¢¥¨ï (4.11).

�¥â¥à¬¨¨à®¢ ®¥ ¯à¨¡«¨�¥¨¥. � [88℄, [89℄ à áá¬®âà¥ë ¢¥â¢ïé¨¥áï ¯à®æ¥ááë

á® áå¥¬ ¬¨ 2T ! 0 (h(s) = 1) ¨ 2T ! T (h(s) = s) ¯à¨ ¡®«ìè®¬  ç «ì®¬ ç¨á«¥

ç áâ¨æ, ¢ áà ¢¥¨¨ á § ª®®¬ ¤¥©áâ¢ãîé¨å ¬ áá. �á«¨ x(t) { ª®«¨ç¥áâ¢® à¥ £¥â  ¢

¬®¬¥â ¢à¥¬¥¨ t ¤«ï ¡¨¬®«¥ªã«ïà®©à¥ ªæ¨¨ á® áå¥¬®© 2T ! kT , k = 0; 1 (¢ ¢¥à®ïâÄ

®áâ®© ¬®¤¥«¨ h(s) = p

0

+ p

1

s), â® ¢ ä®à¬ «ì®© ª¨¥â¨ª¥ ¯®« £ îâ á¯à ¢¥¤«¨¢ë¬

§ ª® [23℄

_x = ax

2

;

£¤¥ a { ª®áâ â  áª®à®áâ¨ à¥ ªæ¨¨ (a = �(h

0

(1)� 2) < 0).
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4.2.1. �¥è¥¨¥ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢¥¨© ¤«ï ¯à®æ¥áá  £¨¡¥«¨ ª¢ ¤Ä

à â¨ç®£® â¨¯ . �«ï ¯à®æ¥áá  £¨¡¥«¨ ª¢ ¤à â¨ç®£® â¨¯ , ¢ ª®â®à®¬ h(s) = p

0

+

p

1

s (a

i;i�2

= i(i�1)�p

0

, a

i;i�1

= i(i�1)�p

1

, a

ii

= �i(i�1)�), ¯®áâà®¥¨¥ § ¬ªãâ®£®

à¥è¥¨ï «¨¥©®£® ãà ¢¥¨ï

�F

i

(t; s)

�t

= �(p

0

+ p

1

s� s

2

)

�

2

F

i

(t; s)

�s

2

; F

i

(0; s) = s

i

(4.17)

¯à¨¢®¤¨â ª ¨â¥£à «ì®¬ã ¯à¥¤áâ ¢«¥¨î ¤«ï F

i

(t; s), ®¡®¡é îé¥¬ã ä®à¬ã«ã (4.12)

¤«ï ¯à®æ¥áá  £¨¡¥«¨ «¨¥©®£® â¨¯ .

� «¥¥ ¤«ïäãªæ¨¨¤¢ãå ¯¥à¥¬¥ëåH(v; s) ¨á¯®«ì§ã¥âáï ®¡®§ ç¥¨¥ [H(v; s)℄

0

v

=

�H(v; s)=�v. �¨¬ãî ¥¤¨¨æã ®¡®§ ç¨¬ !, !

2

= �1.

�¥®à¥¬  4.1. Ǳãáâì ¬ àª®¢áª¨© ¯à®æ¥áá   ¬®�¥áâ¢¥ á®áâ®ï¨© N § ¤ 

¨ä¨¨â¥§¨¬ «ìë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ (4.14) ¨ h(s) = p

0

+p

1

s. Ǳà®¨§¢®¤ïé ï

äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¨¬¥¥â ¢¨¤

F

i

(t; s) = 1 +

e

�t=4

2

p

2��t

Z

1

�1

e

�v

2

=(�t)

�

Z

1

os 2v

1

p

y � os 2v

�

�

1

2�!

I

0+

�

1

2

p

1

(� � 1)�

1

2

(1 + p

0

)

p

1� 2�y + �

2

+ s

�

�

i

�

d�

p

1� 2�y + �

2

�

dy

�

0

v

dv; i 2 N: (4.18)

�®ª § â¥«ìáâ¢®. � áá¬ âà¨¢ ¥¬ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå (jsj < 1)

�F

�t

= �z

2

�

p

0

F + p

1

�F

�z

�

�

2

F

�z

2

�

; (4.19)

�F

�t

= �(p

0

+ p

1

s� s

2

)

�

2

F

�s

2

; F(0; z; s) = e

zs

: (4.20)

( )�¥â®¤ à §¤¥«¥¨ï ¯¥à¥¬¥ëå. �¥è¥¨¥ ¨é¥¬ ¢ ä®à¬¥ àï¤  �ãàì¥

F(t; z; s) =

1

X

n=0

A

n

e

C

n

(z)C

n

(s)e

��

n

t

: (4.21)

Ǳ®¤áâ ¢¨¢ (4.21) ¢ ãà ¢¥¨ï (4.19) ¨ (4.20), ¯®«ãç ¥¬ ãà ¢¥¨ï ¤«ï äãªæ¨©

e

C

n

(z)

¨ C

n

(s):

�z

2

(p

0

e

C

n

(z) + p

1

e

C

0

n

(z)�

e

C

00

n

(z)) + �

n

e

C

n

(z) = 0; (4.22)

�(p

0

+ p

1

s� s

2

)C

00

n

(s) + �

n

C

n

(s) = 0; n = 0; 1; : : : : (4.23)

�¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï (4.17) ¨ (4.23) ¢ á«ãç ïå p

0

= 0 ¨«¨ p

0

= 1 ¨áá«¥Ä

¤®¢ «¨áì ¢ [88℄. �«¥¤ãï à ¡®â¥ [88℄, ¯®ª §ë¢ ¥âáï, ¨áå®¤ï ¨§ ãá«®¢¨©   à áá¬ âà¨Ä

¢ ¥¬ë© ¬ àª®¢áª¨© ¯à®æ¥áá, çâ® ¤«ï ãà ¢¥¨ï (4.23) ¨¬¥¥â ¬¥áâ® ªà ¥¢®¥ ãá«®¢¨¥

\C

n

(s) ¥áâì ¬®£®ç«¥". �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì \á®¡áâ¢¥ëå § ç¥¨©" �

n

=
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n(n � 1)�, n = 0; 1; : : : [64; ç. II, £«. 3, x9.7℄, ¨ ª �¤®¬ã �

n

á®®â¢¥âáâ¢ã¥â \á®¡áâ¢¥Ä

 ï äãªæ¨ï"

C

n

(s) = C

�1=2

n

�

2s� p

1

1 + p

0

�

;

£¤¥ C

�1=2

n

(s) { ¬®£®ç«¥ë �¥£¥¡ ãíà  ([73℄, áà. ãà ¢¥¨¥ (52.4) ¯à¨ � = �1=2),

C

�1=2

n

(s) =

[n=2℄

X

k=0

(�1)

k

(�1=2)(�1=2+ 1) � � � (�1=2 + n� k � 1)

k! (n� 2k)!

(2s)

n�2k

: (4.24)

�®®â¢¥âáâ¢¥® ãà ¢¥¨¥ (4.22) ¯à¨¨¬ ¥â ¢¨¤

z

2

(p

0

e

C

n

(z) + p

1

e

C

0

n

(z)�

e

C

00

n

(z)) + n(n� 1)

e

C

n

(z) = 0 (4.25)

¨ á¢®¤¨âáï ª ãà ¢¥¨î �¥áá¥«ï ([73℄, áà. ãà ¢¥¨¥ (44.1) ¯à¨ � = �1=2, � = 1,



2

= �1, � = n�1=2). �§ ãá«®¢¨©   ¬ àª®¢áª¨© ¯à®æ¥áá á«¥¤ã¥â, çâ®  á ¨â¥à¥áã¥â

  «¨â¨ç¥áª®¥   ¢á¥© ª®¬¯«¥ªá®© ¯«®áª®áâ¨ à¥è¥¨¥; á«¥¤ãï [73℄,

e

C

n

(z) = �

p

�(1 + p

0

)z e

p

1

z=2

I

n�1=2

((1 + p

0

)z=2);

£¤¥ I

n�1=2

(z) { ¬®¤¨ä¨æ¨à®¢ ë¥ äãªæ¨¨ �¥áá¥«ï. � ª¨¬ ®¡à §®¬, ¨áª®¬ë© àï¤

(4.21) ¨¬¥¥â ¢¨¤

F(t; z; s) = �

p

�(1 + p

0

)z

�

1

X

n=0

A

n

e

p

1

z=2

I

n�1=2

�

(1 + p

0

)z

2

�

C

�1=2

n

�

2s� p

1

1 + p

0

�

e

�n(n�1)�t

:

� ç¥¨ïA

n

®¯à¥¤¥«ïîâáï ¨§ áà ¢¥¨ï  ç «ì®£® ãá«®¢¨ïF(0; z; s) = e

zs

á à §-

«®�¥¨¥¬ �®¨  ¤«ï íªá¯®¥âë ([73; ä®à¬ã«  (53.2)℄, [100; áã¬¬  (5.13.3.3)℄)

e

zs

= �

p

2�z

1

X

n=0

�

n�

1

2

�

I

n�1=2

(z)C

�1=2

n

(s):

Ǳ®«ãç ¥¬A

n

= n� 1=2 ¨ ¯à¨å®¤¨¬ ª ¢ëà �¥¨î

F(t; z; s) = �

p

�(1 + p

0

)z

�

1

X

n=0

�

n�

1

2

�

e

p

1

z=2

I

n�1=2

�

(1 + p

0

)z

2

�

C

�1=2

n

�

2s� p

1

1 + p

0

�

e

�n(n�1)�t

:

(4.26)

�å®¤¨¬®áâì àï¤  (4.26) ¯à¨ «î¡ëå z, s ¨ t 2 [0;1) á«¥¤ã¥â ¨§ áå®¤¨¬®áâ¨ à §«®�¥¨ï

�®¨ .

(¡)�â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥. �®á¯®«ì§ã¥¬áï á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨ ([99; ¨Ä

â¥£à « (2.5.36.1)℄, [100; ¨â¥£à « (2.17.1.7)℄):

e

�n(n�1)�t

=

e

�t=4

p

��t

Z

1

�1

e

�v

2

=(�t)

os(2n� 1)v dv; n = 0; 1; : : : ;

sin(2n� 1)v =

2n� 1

2

p

2

Z

1

os 2v

P

n�1

(y) dy

p

y � os 2v

; n = 1; 2; : : : ;
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3 ���, â. 57, ¢ë¯. 2

£¤¥ P

n

(y) { ¬®£®ç«¥ë �¥� ¤à . �¨ää¥à¥æ¨àãï ¯®á«¥¤¥¥ ¢ëà �¥¨¥, ¯®«ãç ¥¬

¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï íªá¯®¥âë

e

�n(n�1)�t

=

e

�t=4

2

p

2��t

Z

1

�1

e

�v

2

=(�t)

�

Z

1

os 2v

P

n�1

(y) dy

p

y � os 2v

�

0

dv; n = 1; 2; : : : :

(4.27)

�®§ì¬¥¬ ¢â®à®¥ à¥è¥¨¥ ãà ¢¥¨ï (4.25)

e

D

n

(z) =

p

(1 + p

0

)z=� e

p

1

z=2

K

n�1=2

((1 + p

0

)z=2);

£¤¥K

n�1=2

(z) { äãªæ¨¨ � ª¤® «ì¤  [8; £«. 7, x2℄,

r

2z

�

K

n�1=2

(z) = e

�z

n�1

X

k=0

(n� 1 + k)!

k! (n� 1� k)!(2z)

k

; (4.28)

¯àï¬ë¬¨ ¢ëç¨á«¥¨ï¬¨, ¨á¯®«ì§ãï ï¢ë¥ ¢ëà �¥¨ï (4.24) ¨ (4.28), ¯à®¢¥àï¥âáï ¨Ä

â¥£à «ì®¥ á®®â®è¥¨¥

C

n

(s) = �

2

1 + p

0

1

2�!

I

0+

e

s��p

1

�

�

2

e

D

n

(�) d�; n = 2; 3; : : : ; (4.29)

£¤¥ ª®âãà ¨â¥£à¨à®¢ ¨ï ®¡å®¤¨â â®çªã 0   ª®¬¯«¥ªá®© ¯«®áª®áâ¨ ¢ ¯®«®�¨â¥«ìÄ

®¬  ¯à ¢«¥¨¨.

� àï¤ (4.26) ¯®¤áâ ¢¨¬ ¨â¥£à « (4.27) ¨ § ¬¥¨¬ C

n

(s)   ¨â¥£à « (4.29). �¥Ä

âàã¤® ®¡®á®¢ âì § ª®®áâì ¯¥à¥áâ ®¢ª¨ § ª®¢ áã¬¬¨à®¢ ¨ï, ¨â¥£à¨à®¢ ¨ï ¨

¤¨ää¥à¥æ¨à®¢ ¨ï; â®£¤ 

F(t; z; s) = e

p

1

z=2

h

(1 + p

0

)z

2
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p

1

z=2
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(1 + p

0
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2
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1

1 + p

0

+
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2

p

2��t

Z

1
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e
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2

=(�t)

�

Z

1

os 2v

1

p

y � os 2v

�

1
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I
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e
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1

z=2�p

1
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�

2

�

2

1 + p

0

1

X
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�
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1

2

�

p

�(1 + p

0

)z I

n�1=2

�

(1 + p

0

)z

2

�

�

r

(1 + p

0

)�

�

K

n�1=2

�

(1 + p

0

)�

2

�

P

n�1

(y) d�

�

dy

�

0

v

dv: (4.30)

�ã¬¬¨àã¥¬ë© ¢ (4.30) àï¤ á â®ç®áâìî ¤® ¯¥à¢®£® á« £ ¥¬®£® á®¢¯ ¤ ¥â á ä®à¬ã«®©

á«®�¥¨ï �¥£¥¡ ãíà  ¤«ï æ¨«¨¤à¨ç¥áª¨å äãªæ¨© ([73; ¯®á«¥¤ïï ä®à¬ã«  x53℄,

[100; áã¬¬  (5.10.3.5)℄): ¯à¨ jzj < j�j, jyj 6 1

1

X

n=1

�

n�

1

2

�

p

2�z I

n�1=2

(z)

r

2�

�

K

n�1=2

(�)P

n�1

(y) =

z�e

�

p

z

2

+�

2

�2z�y

p

z

2

+ �

2

� 2z�y

: (4.31)
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Ǳ®¤áâ ¢«ïï áã¬¬ã (4.31) ¢ (4.30), ¯®á«¥ ¢ëç¨á«¥¨©, á¢ï§ ëå á ¯¥à¢ë¬ á« £ ¥¬ë¬

àï¤ , ¯à¨å®¤¨¬ ª ¨â¥£à «ì®¬ã ¯à¥¤áâ ¢«¥¨î

F(t; z; s) = e

z

+

e

�t=4

2

p

2��t

Z

1

�1

e

�v
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=(�t)
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1
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1

p
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I
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1
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0
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2
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2

�2z�y=2

zd�

�

p

z

2

+ �

2

� 2z�y

�

dy

�

0

v

dv:

� âà¥âì¥¬ ¨â¥£à «¥ ¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥®© � = z=�; ¯®«ãç ¥¬ ¤«ï ¤¢®©®© ¯à®Ä

¨§¢®¤ïé¥© äãªæ¨¨ ¢ëà �¥¨¥

F(t; z; s) = e

z

+

e

�t=4

2

p

2��t

Z

1

�1

e

�v

2

=(�t)

�

Z

1

os 2v

1

p

y � os 2v

�

�

1

2�!

I
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e

z�

�1

(s+p

1

(��1)=2�(1+p

0

)

p

�

2

+1�2�y=2)

d�

p

�

2

+ 1� 2�y

�

dy

�

0

v

dv:

�§ ®¯à¥¤¥«¥¨ï (4.3) ¨ à §«®�¥¨ï e

zx

=

P

1

i=0

(z

i

=i!)x

i

, ¯à¨à ¢¨¢ ï ª®íää¨æ¨¥âë

¯à¨ ®¤¨ ª®¢ëå áâ¥¯¥ïå z, ¯à¨å®¤¨¬ ª (4.18). �¥®à¥¬  4.1 ¤®ª §  .

4.2.2. �à¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®æ¥áá  £¨¡¥«¨ ª¢ ¤à â¨ç®£® â¨¯ . �Ä

â¥£à « ¯® � ¢ ¢ëà �¥¨¨ (4.18) ¢ëç¨á«ï¥âáï á ¯®¬®éìî ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯®«¨Ä

®¬®¢ �¥� ¤à 

P

n

(y) =

1

2�!

I

0+

1

p

1� 2�y + �

2

d�

�

n+1

; n = 0; 1; : : : : (4.32)

�«ï ¯®«¨®¬®¢ �¥� ¤à  á¯à ¢¥¤«¨¢® â ª�¥ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ [34; £«. 5,

x24, ä®à¬ã«  (109)℄:

P

n

(y) =

1

2�

Z

2�

0

d 

(y + !

p

1� y

2

os )

n+1

; n = 0; 1; : : : :

�¤¥« ¥¬ ¢ ¯®á«¥¤¥¬ ¨â¥£à «¥ § ¬¥ã ¯¥à¥¬¥®© x = !( + �=2). �®£¤ 

P

n

(y) =

1

2�!

Z

T

dx

(y +

p

1� y

2

shx)

n+1

; n = 0; 1; : : : ; (4.33)

£¤¥ T = fx = !u, �=2 6 u 6 5�=2g { ®à¨¥â¨à®¢ ë© ¯® ¢®§à áâ ¨î u ®âà¥§®ª

  ª®¬¯«¥ªá®© ¯«®áª®áâ¨. Ǳà¥¤áâ ¢«¥¨¥ (4.32) ¤«ï P

n

(y) ¨ ¨â¥£à « (4.33) á¢ï§ ë

§ ¬¥®© ¯¥à¥¬¥®© � = (

p

1� y

2

e

x

+ 2y �

p

1� y

2

e

�x

)=2 (¨â¥£à «ìë¥ ¯à¥¤áâ ¢Ä

«¥¨ï ¤«ï ¯®«¨®¬®¢ �¥� ¤à  ¨ á®®â¢¥âáâ¢ãîé¨¥ § ¬¥ë ¯¥à¥¬¥ëå à áá¬ âà¨Ä

¢ îâáï ¢ [34; £«. 1, x8, ¯. 19℄).

� ¨â¥£à «¥ (4.18) ¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥®© �. �¡®¡é¥®¥ á¢®©áâ¢® ¢¥â¢«¥Ä

¨ï ¤«ï ¯à®æ¥áá  £¨¡¥«¨ ª¢ ¤à â¨ç®£® â¨¯  ¨¬¥¥â ¢¨¤:

F
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(t; s) =

e
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p

2��t
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e
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=(�t)
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p
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1
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'
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(x; y; s) dx

�
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0

v

dv (4.34)
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3

*

á «¨¥©®© ¯® ¯¥à¥¬¥®© s äãªæ¨¥©

'(x; y; s) =

�

1

2

�

p

0

p

1� y

2

e

x

+ p

1

(1� y) +

p

1� y

2

e

�x

�
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1

2

�

p

1� y

2

e

x

+ 2y �

p

1� y

2

e

�x

�

:

Ǳ®¤áâ ¢«ïï ¤¢®©ãî ¯à®¨§¢®¤ïéãî äãªæ¨î

F(t; z; s) =

e

�t=4

2

p

2��t

Z

1

�1

e

�v

2

=(�t)

�

�

Z

1

os 2v

1

p

y � os 2v

�

1

2�!
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e

z'(x;y;s)

dx

�

dy

�

0

v

dv

¢ à ¢¥áâ¢® (4.16), ¯®«ãç ¥¬ ¥«¨¥©®¥ ãà ¢¥¨¥ ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£®

¯®àï¤ª  ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ '(x; y; s):

(h(s)� s

2

)

�

�'

�s

�

2

� (h(') � '

2

) = (1 + p

0

)

�'

�x

; (4.35)

£¤¥ h(s) = p

0

+ p

1

s.

4.2.3. �à¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®æ¥áá  à®�¤¥¨ï ª¢ ¤à â¨ç®£® â¨¯ .

� á«ãç ¥ ¯à®æ¥áá  à®�¤¥¨ï, ª®£¤  h(s) = s

3

(a

ii

= �i(i � 1)�, a

i;i+1

= i(i � 1)�),

¯®áâà®¥¨¥ â®ç®£® § ¬ªãâ®£® à¥è¥¨ï ãà ¢¥¨ï

�F
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(t; s)
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= �(s

3

� s

2

)

�

2

F

i

(t; s)

�s

2

; F

i

(0; s) = s

i

;

¯à¨¢®¤¨â ª ¨â¥£à «ì®¬ã ¯à¥¤áâ ¢«¥¨î ¤«ï F

i

(t; s), ®¡®¡é îé¥¬ã ä®à¬ã«ã (4.13)

¤«ï ¯à®æ¥áá  à®�¤¥¨ï «¨¥©®£® â¨¯ .

�¥®à¥¬  4.2. Ǳãáâì ¬ àª®¢áª¨© ¯à®æ¥áá   ¬®�¥áâ¢¥ á®áâ®ï¨© N § Ä

¤  ¨ä¨¨â¥§¨¬ «ìë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ (4.14) ¨ h(s) = s

3

. Ǳà®¨§¢®¤ïé ï

äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¨¬¥¥â ¢¨¤ (F
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(t; s) =
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�t=4

2

p

2��t
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(x; y; s) dx

�

dy

�

0

v

dv; (4.36)

i = 1; 2; : : : , £¤¥ T = fx = !u, �=2 6 u 6 5�=2g { ®à¨¥â¨à®¢ ë© ¯® ¢®§à áâ Ä

¨î u ®âà¥§®ª   ª®¬¯«¥ªá®© ¯«®áª®áâ¨, á ¤à®¡®-«¨¥©®© ¯® ¯¥à¥¬¥®© s

äãªæ¨¥©

'(x; y; s) =

s

1

2

�

p

1� y

2

e

x

+ 2y �

p

1� y

2

e

�x

�

1� s

1

2

�

�

p

1� y

2

e

x
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:
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�®ª § â¥«ìáâ¢®. �ëà �¥¨ï (2.9) ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¬ àª®¢áª®£®

¯à®æ¥áá  ç¨áâ®£® à®�¤¥¨ï ¢ ª¢ ¤à â¨ç®¬ á«ãç ¥ ¯®«ãç îâ ¢¨¤: P

0j

(t) = Æ

0

j

,

P

1j

(t) = Æ

1

j

; P

ij

(t) = 0, i > j;

P

ij

(t) =

(j � 1)! (j � 2)!
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j
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n�i

(2n� 1)(n+ i� 2)!

(j � n)! (j + n� 1)! (n� i)!

e

�n(n�1)�t

; 2 6 i 6 j: (4.37)

�§ ®¯à¥¤¥«¥¨ï (4.1) ¯à®¨§¢®¤ïé¥© äãªæ¨¨F

i

(t; s) ¨ ä®à¬ã«ë (4.36) á«¥¤ã¥â ¨Ä

â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ (2 6 i 6 j)
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p

2��t

Z

1

�1

e

�v

2

=(�t)

�

Z

1

os 2v

1

p

y � os 2v

�

1

2�!

Z

T

C

j�i

j�2

�

�

1

2

(

p

1� y

2

e

x

+ 2y �

p

1� y

2

e

�x

)

�

i�1

�

�

1

2

(�

p

1� y

2

e

x

+ 1� y)

�

j�i

dx

�

dy

�

0

v

dv:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë á®áâ®¨â ¢ ¢ëç¨á«¥¨¨ âà¥åªà â®£® ¨â¥£à « , çâ®

¯à¨¢®¤¨â ª ¢ëà �¥¨ï¬ (4.37). �â¥£à « ¯® x ¢ëç¨á«ï¥âáï ¥¯®áà¥¤áâ¢¥® ¨ ¤ ¥â

«¨¥©ãî ª®¬¡¨ æ¨î ¬®£®ç«¥®¢ �¥� ¤à  P

n

(y); § â¥¬ ¨á¯®«ì§ã¥âáï ¨â¥£à «

(4.27). Ǳà¨ j = i; i+1; i+2¢ëç¨á«¥¨ï «¥£ª® ¯à¨¢®¤ïâ ª ¢ëà �¥¨ï¬ ¤«ï ¯¥à¥å®¤ëå

¢¥à®ïâ®áâ¥©

P

ii

(t) = e

�i(i�1)�t

; P

i;i+1

(t) =

i� 1

2

�

e

�i(i�1)�t

� e

�(i+1)i�t

�

;

P

i;i+2

(t) =

i(i+ 1)

4(2i+ 1)

�

(i+ 1)e

�i(i�1)�t

� (2i+ 1)e

�(i+1)i�t

+ ie

�(i+2)(i+1)�t

�

:

� «¥¥ ¯à¨¬¥ï¥¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¯® j. �¥®à¥¬  4.2 ¤®ª §  .

�à ¢¥¨¥ ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ '(x; y; s) á«¥¤ã¥â ¨§ ®¡®¡é¥®£® á¢®©áâ¢ 

¢¥â¢«¥¨ï (4.36). �¢®©ãî ¯à®¨§¢®¤ïéãî äãªæ¨î

F(t; z; s) = 1 +

e

�t=4

2

p

2��t

Z

1

�1

e

�v

2

=(�t)

�

�

Z

1

os 2v

1

p

y � os 2v

�

1

2�!

Z

T

s

'(x; y; s)

(e

z'(x;y;s)

� 1) dx

�

dy

�

0

v

dv

¯®¤áâ ¢«ï¥¬ ¢ à ¢¥áâ¢® (4.16); ¯à¨å®¤¨¬ ª âà¥âì¥¬ã ãà ¢¥¨î

(h(s)� s

2

)

�

�'

�s

�

2

� (h(')� '

2

) = '

2

�'

�x

; (4.38)

£¤¥ h(s) = s

3

. �«ï ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå (4.35) ¨ (4.38) áâ ¤ àâë¬¨

¬¥â®¤ ¬¨ [63℄  å®¤ïâáï ¯®«ë¥ ¨â¥£à «ë.
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x4.3. �¢®©áâ¢® ¢¥â¢«¥¨ï ¨ äãªæ¨ï �à¨ 

¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©

Ǳ®«ãç¥ë¥ ¢ x4.2 ¥«¨¥©ë¥ ãà ¢¥¨ï (4.35) ¤«ï ¯à®æ¥áá  £¨¡¥«¨ ¨ (4.38) ¤«ï

¯à®æ¥áá  à®�¤¥¨ï ®â«¨ç îâáï ¬®�¨â¥«¥¬ ¢ ¯à ¢®© ç áâ¨; íâ® à §«¨ç¨¥ ãáâà ï¥âÄ

áï ¨áá«¥¤®¢ ¨¥¬ ®¡ê¥¤¨ïîé¥£® á«ãç ï { ¬ àª®¢áª®£® ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨

ª¢ ¤à â¨ç®£® â¨¯ , ¢ ª®â®à®¬ h(s) = p

0

+ p

1

s + p

3

s

3

. �«ï ¢ë¢®¤  âà¥âì¥£® ãà ¢Ä

¥¨ï ¥®¡å®¤¨¬® ¢ëï¢¨âì ®¡®¡é¥®¥ á¢®©áâ¢® ¢¥â¢«¥¨ï, â.¥.  ©â¨ â®ç®¥ à¥è¥¨¥

¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ 

�F

i

(t; s)

�t

= �(p

0

+ p

1

s+ p

3

s

3

� s

2

)

�

2

F

i

(t; s)

�s

2

; F

i

(0; s) = s

i

; (4.39)

¢ ¢¨¤¥,   «®£¨ç®¬ á¢®©áâ¢ã ¢¥â¢«¥¨ï (2.11) { ¨áª®¬®¥ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥

à¥è¥¨ï á®¤¥à�¨â ¤à®¡®-«¨¥©ãî äãªæ¨î ¯¥à¥¬¥®© s.

�. �¥â¥áì¥ ¨ �. � «¥ ¢ æ¨ª«¥ à ¡®â 1982{1995 ££. (á¬. [80℄{[82℄ ¨ ¤à.) ¬¥â®¤®¬

à §¤¥«¥¨ï ¯¥à¥¬¥ëå ¯®«ãç¨«¨ à¥è¥¨ï ¢ ¢¨¤¥ àï¤®¢ ¯® á¯¥æ¨ «ìë¬ äãªæ¨ï¬

¢â®à®£® ãà ¢¥¨ï �®«¬®£®à®¢  ¤«ï ¥ª®â®àëå ¯à®æ¥áá®¢ à®�¤¥¨ï ¨ £¨¡¥«¨ ª¢ ¤Ä

à â¨ç®£®, ªã¡¨ç¥áª®£® ¨ ¡¨ª¢ ¤à â¨ç®£® â¨¯®¢. �¥â®¤ ¬¨ à ¡®âë [120℄ ¬®�® ¯®Ä

ª § âì, çâ® ¨¬¥îé¥¥ ¢¥à®ïâ®áâë© á¬ëá« (  «¨â¨ç¥áª®¥ ¢ ªàã£¥ jsj < 1) à¥è¥¨¥

ãà ¢¥¨ï (4.39) ¯à¥¤áâ ¢¨¬® àï¤®¬ �ãàì¥

F

i

(t; s) =

1

X

n=0

A

n

C

n

(s)e

��

n

t

; jsj < 1; (4.40)

£¤¥ á®¡áâ¢¥ë¥ § ç¥¨ï �

n

= n(n � 1)�K, ª®áâ â  K > 0 ¢ëà � ¥âáï ç¥à¥§

í««¨¯â¨ç¥áª¨© ¨â¥£à «

Z

ds

p

p

0

+ p

1

s+ p

3

s

3

� s

2

:

�à ¢¥¨¥ ¤«ï á®¡áâ¢¥®© äãªæ¨¨ C

n

(s),

(p

0

+ p

1

s+ p

3

s

3

� s

2

)C

00

n

(s) + �

n

C

n

(s) = 0; (4.41)

¯à¨ ¤«¥�¨â ª« ááã ãà ¢¥¨© �®©  (ãà ¢¥¨¥ �ãªá  ¢â®à®£® ¯®àï¤ª  á ç¥âëàì¬ï

®á®¡ë¬¨ â®çª ¬¨ [9; £«. 15, x3℄).

� áá¬®âà¥®¥ ¢ ¯. 4.2.1 ãà ¢¥¨¥ (4.23) ¤«ï äãªæ¨¨ C

n

(s) ¯à¨ ¤«¥�¨â ª« ááã

£¨¯¥à£¥®¬¥âà¨ç¥áª¨å ãà ¢¥¨© (ãà ¢¥¨¥ �ãªá  ¢â®à®£® ¯®àï¤ª  á âà¥¬ï ®á®¡ë¬¨

â®çª ¬¨ [7; £«. 2, x6℄). �®§¬®�®áâì ¯®áâà®¥¨ï ¢ ¯. 4.2.1 § ¬ªãâ®£® à¥è¥¨ï (4.18)

¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï (4.17) ®¯à¥¤¥«¥  à áá¬®âà¥¨¥¬ äãªæ¨©, ¤¥â «ì®

¨áá«¥¤®¢ ëå ¢ â¥®à¨¨ á¯¥æ¨ «ìëå äãªæ¨©, { ¯à¨¬¥¥ë ¨â¥£à «ìë¥ á®®â®è¥Ä

¨ï ¬¥�¤ã £¨¯¥à£¥®¬¥âà¨ç¥áª¨¬¨ äãªæ¨ï¬¨ [101; £«. 7℄ ¨ â¥®à¥¬  á«®�¥¨ï �¥£¥Ä

¡ ãíà .

� á«ãç ¥ ãà ¢¥¨ï (4.41) ¤«ï á¯¥æ¨ «ìëå äãªæ¨© ª« áá  �®©  ¥¨§¢¥áâë ¨Ä

â¥£à «ìë¥ á®®â®è¥¨ï, ®¡®¡é îé¨¥ â ª®¢ë¥ ¤«ï £¨¯¥à£¥®¬¥âà¨ç¥áª¨å äãªæ¨©;

¥ ¯®«ãç¥ë â¥®à¥¬ë á«®�¥¨ï ¤«ï äãªæ¨© �®©  (á¬. ®¡§®à «¨â¥à âãàë ¢ [112℄).

�¥ïáë ¬¥â®¤ë áã¬¬¨à®¢ ¨ï àï¤  (4.40) ¨ ¯®áâà®¥¨ï § ¬ªãâ®£® à¥è¥¨ï ãà ¢¥Ä

¨ï (4.39). �áª®¬®¥ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ïF

i

(t; s) á®¤¥à�¨âí««¨¯â¨ç¥áª¨¥

äãªæ¨¨.



70

�.�. ��������

�ãªæ¨ï �à¨ . �¡áã¤¨¬ ¯®«ãç¥ë¥ ¢ â¥®à¥¬ å 4.1 ¨ 4.2 ¨â¥£à «ìë¥ ¯à¥¤áâ ¢Ä

«¥¨ï à¥è¥¨© á â®çª¨ §à¥¨ï ®¡é¥© â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå

¯à®¨§¢®¤ëå. �®¯ãáâ¨¬, çâ®, á«¥¤ãï ¬¥â®¤ã äãªæ¨¨ �à¨  ¤«ï ãà ¢¥¨© ¯ à ¡®Ä

«¨ç¥áª®£® â¨¯  [2; £«. 6, x3.2℄, ¯®áâà®¥® à¥è¥¨¥ § ¤ ç¨ (4.39)

F

i

(t; s) =

Z

1

�1

G(t; �; s) �

i

d�; (4.42)

£¤¥

G(t; �; s) =

1

X

n=0

C

n

(�)C

n

(s)

kC

n

k

2

e

��

n

t

(4.43)

{ äãªæ¨ï �à¨ ; ®à¬  kC

n

k à áá¬ âà¨¢ ¥âáï ¢ á®®â¢¥âáâ¢ãîé¥¬ ¯à®áâà áâ¢¥

äãªæ¨© [2℄, [120℄.

Ǳà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ 4.1 ¨ 4.2 à¥è¥  § ¤ ç  áã¬¬¨à®¢ ¨ï àï¤  (4.43); ¥Ä

§ ¬ªãâ®¥ ¯à¥¤áâ ¢«¥¨¥ äãªæ¨¨ �à¨  á¢¥¤¥® ª § ¬ªãâ®¬ã ¨â¥£à «ì®¬ã ¢ëÄ

à �¥¨î. Ǳ®á«¥ ¯®¤áâ ®¢ª¨  ©¤¥®£® ¨â¥£à «  ¢ (4.42) ¨ § ¬¥ë ¯¥à¥¬¥®©

� = '(�x; s) ä®à¬ã«  (4.42) ¯®«ãç¨«  ¢¨¤

F

i

(t; s) =

Z

� � �

Z

e

T

e

G(t; �x)'

i

(�x; s) d�x: (4.44)

Ǳà¨ íâ®¬ ¢®§¬®�  â ª ï ¯®¤áâ ®¢ª  ¯¥à¥¬¥ëå, çâ® ¢ ¯à¥¤áâ ¢«¥¨¨ (4.44) äãªÄ

æ¨ï ' ï¢«ï¥âáï «¨¥©®© ¨«¨ ¤à®¡®-«¨¥©®© ¯® ¯¥à¥¬¥®© s ¨ ¬®£®ªà âë© ¨Ä

â¥£à « ¥áâì ¬ â¥¬ â¨ç¥áª®¥®�¨¤ ¨¥ (¢¥à®ïâ®áâ ï ¨â¥à¯à¥â æ¨ï ä®à¬ã«ë (4.44)

¤   ¢ xx 5.3, 5.4). � ª¨¬ ®¡à §®¬,  ©¤¥ë¥ ¢ â¥®à¥¬ å 4.1 ¨ 4.2 § ¬ªãâë¥ à¥è¥¨ï

¯à¥¤áâ ¢«ïîâ á®¡®© á¯¥æ¨ «ìë¥ á«ãç ¨ ä®à¬ã«ë (4.42). �â¬¥â¨¬, çâ® § ¬ªãâë¥

¢ëà �¥¨ï ¤«ï äãªæ¨© �à¨  ¨§¢¥áâë ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© á ¯®áâ®ïÄ

ë¬¨ ª®íää¨æ¨¥â ¬¨ [2℄.

4.3.1. �¥à¥è¥ë¥ § ¤ ç¨. �¨�¥ ¯à¨¢¥¤¥ë «¨¥©ë¥ ãà ¢¥¨ï �®«¬®£®Ä

à®¢  ¤«ï á«ãç ¥¢, ª®£¤  ¢ë¢®¤ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï ¨ ¥«¨¥©®£®

ãà ¢¥¨ï,   «®£¨ç®£® ãà ¢¥¨ï¬ (4.35) ¨ (4.38), ¢®§¬®�¥ ¬¥â®¤ ¬¨ £« ¢ë 4.

1. Ǳ®«ãç¨âì âà¥âì¥ ãà ¢¥¨¥ ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá  £¨¡¥«¨   ¬®�¥áâ¢¥ á®Ä

áâ®ï¨© N, ¯¥à¢®¥ ¨ ¢â®à®¥ ãà ¢¥¨ï ª®â®à®£® ¤«ï ¤¢®©®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨

¨¬¥îâ ¢¨¤ [62℄ (� > 0, � > 0)

�F

�t

= �z

2

�

p

0

F + p

1

�F

�z

�

�

2

F

�z

2

�

+ �z

�

F �

�F

�z

�

;

�F

�t

= �(p

0

+ p

1

s� s

2

)

�

2

F

�s

2

+ �(1� s)

�F

�s

; F(0; z; s) = e

zs

:

2. Ǳ®«ãç¨âì âà¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®æ¥áá  á ¨¬¬¨£à æ¨¥© ç áâ¨æ ¨§ ª« áá  B

2

,

ãà ¢¥¨ï �®«¬®£®à®¢  ¤«ï ª®â®à®£® ¨¬¥îâ ¢¨¤

�F

�t

= �z

2

�

F �

�

2

F

�z

2

�

+ �

�

�

2

F

�z

2

�F

�

;

�F

�t

= �(1� s

2

)

�

2

F

�s

2

+ �(s

2

� 1)F; F(0; z; s) = e

zs

:

� áá¬®âà¥âì áå¥¬ã ¢§ ¨¬®¤¥©áâ¢¨© 2T

1

! k

1

T

1

, k

1

= 0; 1; 0! k

0

T

1

, k

0

= 1; 2.
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3. Ǳ®«ãç¨âì âà¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®æ¥áá  á ç áâ¨æ ¬¨ ä¨ «ì®£® â¨¯ , ãà ¢¥Ä

¨ï ª®â®à®£® ¤«ï ¤¢®©®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¨¬¥îâ ¢¨¤ [60℄ (� > 0)

�F

�t

= �z

2

1

�

h

0

�

�

�z

2

�

+

�

�z

1

h

1

�

�

�z

2

�

+

�

2

�z

2

1

h

2

�

�

�z

2

�

�

�

2

�z

2

1

�

F;

�F

�t

= �(h

0

(s

2

) + s

1

h

1

(s

2

) + s

2

1

h

2

(s

2

)� s

2

1

)

�

2

F

�s

2

1

; F(0; z; s) = e

zs

:

� áá¬®âà¥âì ¡®«¥¥ ®¡éãî áå¥¬ã 2T

1

! 

1

T

1

+ 

2

T

2

, 

1

= 0; 1; 2; 3.

4. Ǳ®«ãç¨âì âà¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®æ¥áá  ¨§ ¯. 2.2.2 á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ç áâ¨æ

à §«¨çëå â¨¯®¢ T

1

+ T

2

! T

3

; «¨¥©ë¥ ãà ¢¥¨ï ¨¬¥îâ ¢¨¤

�F

�t

= �z

1

z

2

�

�F

�z

3

�

�

2

F

�z

1

�z

2

�

;

�F

�t

= �(s

3

� s

1

s

2

)

�

2

F

�s

1

�s

2

; F(0; z; s) = e

zs

:

5. �«ï ¯à®æ¥áá  ¯à®áâ®© £¨¡¥«¨ ¯®«¨®¬¨ «ì®£® â¨¯  ¯¥à¢®¥ ¨ ¢â®à®¥ ãà ¢¥Ä

¨ï ¤«ï ¤¢®©®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¨¬¥îâ ¢¨¤ (k =

3; 4; : : : )

�F

�t

= �z

k

�

�

k�1

F

�z

k�1

�

�

k

F

�z

k

�

;

�F

�t

= �(s

k�1

� s

k

)

�

k

F

�s

k

; F(0; z; s) = e

zs

:

� ©â¨ âà¥âì¥ ãà ¢¥¨¥. Ǳ®«ãç¨âì âà¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®¨§¢®«ì®£® ¯à®æ¥áá 

¯à®áâ®© £¨¡¥«¨ ¨§ ª« áá B

2

.

Ǳ®«ãç¨âì âà¥âì¥ ãà ¢¥¨¥ ¤«ï ¯à®æ¥áá  ç¨áâ®£® à®�¤¥¨ï ¨§ ª« áá B

2

.

�« ¢  5. Ǳà¨æ¨¯ â®�¤¥áâ¢¥®áâ¨ ç áâ¨æ ¨ ãá«®¢¨ï ¥§ ¢¨á¨¬®áâ¨

�¯à¥¤¥«¥¨¥ ¨ ãà ¢¥¨ï ¬ àª®¢áª¨å¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ á¢ï§ ë á ¯®«®Ä

�¥¨ï¬¨ ¥à ¢®¢¥á®© áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨. � x5.1 ¯®ª § ®, çâ® ¯¥à¢ ï á¨áâ¥¬ 

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®à®¢  ¤«ï ¯à®æ¥áá  ¨§ ¬®�¥áâ¢  M

1

ï¢«ï¥âÄ

áï æ¥¯®çª®© ãà ¢¥¨© ¤«ï �-ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï fP

��

(t), � 2 N

n

g.

� x5.2 ®¡áã�¤ ¥âáï ¯à¨¬¥¨¬®áâì ¯à¨æ¨¯  â®�¤¥áâ¢¥®áâ¨ ç áâ¨æ ¨ â¥®à¥¬ë �¨Ä

¥ââ¨{�¨ç¨  ® á¨¬¬¥âà¨¨ ª ¢ë¢®¤ã ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï ¤«ï ®¤®ç áâ¨ç®©

äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¨   «¨§¨àãîâáï ãá«®¢¨ï, ¯à¨ ¢ë¯®«¥¨¨ ª®â®àëå ¬ â¥¬ Ä

â¨ç¥áª®¥ ®¯¨á ¨¥ ¥à ¢®¢¥áëå á®áâ®ï¨© ä¨§¨ç¥áª¨å á¨áâ¥¬ ¢§ ¨¬®¤¥©áâ¢ãîé¨å

ç áâ¨æ ¬®�¥â ¡ëâì á¢¥¤¥® ª à áá¬®âà¥¨î ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï. � x5.3 ¢ ª Ä

ç¥áâ¢¥ áâ®å áâ¨ç¥áª®© á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¢§ïâ  ¬®¤¥«ì ¡¨¬®«¥ªãÄ

«ïà®© à¥ ªæ¨¨ ¢ ¢¨¤¥ ¬ àª®¢áª®£® ¯à®æ¥áá . � áá¬®âà¥® ä §®¢®¥ ¯à®áâà áâ¢® âà Ä

¥ªâ®à¨© ç áâ¨æ, á®®â¢¥âáâ¢ãîé¥¥ á«ãç ©®¬ã ¯à®æ¥ááã á ¢§ ¨¬®¤¥©áâ¢¨¥¬; ª¨¥â¨Ä

ç¥áª®¥ ãà ¢¥¨¥ ¯®«ãç¥® ¯ãâ¥¬ ¯à¥®¡à §®¢ ¨ïä §®¢®£® ¯à®áâà áâ¢  âà ¥ªâ®à¨©

ç áâ¨æ ª ¬®�¥áâ¢ã «¥á®¢.

x5.1. �¥¯®çª  ãà ¢¥¨© �®£®«î¡®¢ 

¤«ï ¬ àª®¢áª®© á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ

� ¥à ¢®¢¥á®© áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ ¯à¨ à áá¬®âà¥¨¨ á¨áâ¥¬ ¢§ ¨¬®¤¥©Ä

áâ¢ãîé¨å ç áâ¨æ ¯à¨¬¥ïîâ i-ç áâ¨çë¥ äãªæ¨¨ à á¯à¥¤¥«¥¨ï F

i

(t;x

1

; : : : ; x

i

),

ª®â®àë¬¨ ®¯¨áë¢ îâ à á¯®«®�¥¨¥ i ç áâ¨æ ®¤®£® â¨¯    ä §®¢®¬ ¯à®áâà áâ¢¥

(�1;1) ¢ ¬®¬¥â ¢à¥¬¥¨ t, t 2 [0;1). � à ¡®â¥ [13℄ ¯à¨ ®¡é¨å ¯à¥¤¯®«®�¥¨ïå

¯®«ãç¥  æ¥¯®çª  ãà ¢¥¨© ¤«ï â ª¨å äãªæ¨© à á¯à¥¤¥«¥¨ï
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�F

i

�t

= �

i

(x

1

; : : : ; x

i

;F

i

) +

e

�

i+1

(x

1

; : : : ; x

i+1

;F

i+1

); i = 1; 2; : : : ; (5.1)

£¤¥ �

i

(x

1

; : : : ; x

i

;F

i

),

e

�

i+1

(x

1

; : : : ; x

i+1

;F

i+1

) { ¥ª®â®àë¥ ¢§ ¨¬®á¢ï§ ë¥ äãªæ¨Ä

® «ë. � [13℄ ãª § ®   ®á®¢®© ¨â¥à¥á ª ®¤®ç áâ¨ç®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï.

�ç¨â ¥âáï, çâ® ®¤®ç áâ¨ç ï äãªæ¨ï à á¯à¥¤¥«¥¨ï F

1

(t; x

1

) ã¤®¢«¥â¢®àï¥â ª¨¥Ä

â¨ç¥áª®¬ã ãà ¢¥¨î, ª®â®à®¥ ¨¬¥¥â ¢¨¤

�F

1

�t

= A(x

1

;F

1

); (5.2)

£¤¥ A(x

1

;F

1

) { ¥ª®â®àë© äãªæ¨® «. Ǳà¨ ¨§¢¥áâ®© äãªæ¨¨ F

1

(t;x

1

) ¢ëà �¥¨ï

¤«ï i-ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï F

i

(t;x

1

; : : : ; x

i

)  å®¤ïâ á ¯®¬®éìî æ¥¯®çª¨

ãà ¢¥¨© (5.1).

�¨áâ¥¬ ¬ ãà ¢¥¨© ¢¨¤  (5.1) ¨ ª¨¥â¨ç¥áª¨¬ ãà ¢¥¨ï¬ ¢¨¤  (5.2) ¯®á¢ïé¥ 

®¡è¨à ï «¨â¥à âãà , á¬. [96℄, [86℄, [87℄ ¨ ¤à. �«ï à áá¬®âà¥¨ï á¨áâ¥¬ ¢§ ¨¬®¤¥©áâÄ

¢ãîé¨å ç áâ¨æ ¯à¨¬¥ïîâáï ¨ ¤àã£¨¥ ¯®¤å®¤ë,  ¯à¨¬¥à, ¨á¯®«ì§ãîâáï ãà ¢¥¨ï

¤«ï ¤¢ãåç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï [91℄. Ǳà¨ ®¯¨á ¨¨ á¨áâ¥¬ á ¢§ ¨¬®¤¥©Ä

áâ¢¨¥¬ á ¯®¬®éìî äãªæ¨© à á¯à¥¤¥«¥¨ï ç áâ® ¢¢®¤¨âáï ¬ àª®¢áª®¥ á¢®©áâ¢®.

� àª®¢áª¨¥ ¯à®æ¥ááë á ¢§ ¨¬®¤¥©áâ¢¨¥¬. Ǳãáâì ¯à®æ¥áá á ¢§ ¨¬®¤¥©áâ¢¨¥¬  

ä §®¢®¬ ¯à®áâà áâ¢¥ N

n

§ ¤   ¡®à®¬ "

1

; fp

1



g; f'

1

�

g; : : : ; "

l

; fp

l



g; f'

l

�

g. Ǳ¥à¥Ä

å®¤ë¥ ¢¥à®ïâ®áâ¨ fP

��

(t), � 2 N

n

g ®¯à¥¤¥«ïîâ �-ç áâ¨çãî äãªæ¨î à á¯à¥Ä

¤¥«¥¨ï. �®£®¬¥à ï ¯à®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© F

�

(t; s)

¯à¥¤áâ ¢«ï¥â á®¡®© á¢¥àâªã �-ç áâ¨ç®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï. Ǳãáâì ¢ë¯®«¥ë

ãá«®¢¨ï ¯. 1.1.1.

�â¢¥à�¤¥¨¥ 5.1. Ǳ¥à¢ ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®Ä

à®¢  ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¬ àª®¢áª®£® ¯à®æ¥áá  ¨§ ¬®�¥áâ¢  M

1

§ Ä

¯¨áë¢ ¥âáï ¢ ¢¨¤¥ æ¥¯®çª¨ ãà ¢¥¨©

�F

�

(t; s)

�t

=

l

X

i=1

'

i

�

�

�F

�

(t; s) +

X



p

i



F

��"

i

+

(t; s)

�

; � 2 N

n

: (5.3)

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ ®¯à¥¤¥«¥¨¥ ¯à®¨§¢®¤ïé¥© äãªæ¨¨ (1.10), á¨áÄ

â¥¬ã ãà ¢¥¨© (1.2) ¨ ®¯à¥¤¥«¥¨¥ (1.8) ¨ä¨¨â¥§¨¬ «ìëå å à ªâ¥à¨áâ¨ª ¬ àª®¢Ä

áª®£® ¯à®æ¥áá  á ¢§ ¨¬®¤¥©áâ¢¨¥¬:

�F

�

(t; s)

�t

=

X

�

dP

��

(t)

dt

s

�

=

X

�

�

X



a

�

P

�

(t)

�

s

�

=

X

�

�

l

X

i=1

X

��+"

i

>0

'

i

�

p

i

��+"

i

P

�

(t)�

l

X

i=1

'

i

�

P

��

(t)

�

s

�

=

l

X

i=1

'

i

�

�

X

��+"

i

>0

p

i

��+"

i

X

�

P

�

(t)s

�

�

X

�

P

��

(t)s

�

�

=

l

X

i=1

'

i

�

�

X



p

i



F

��"

i

+

(t; s)� F

�

(t; s)

�

:

�â¢¥à�¤¥¨¥ 5.1 ¤®ª § ®.
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� «¨ç¨¥ ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá  æ¥¯®çª¨ ãà ¢¥¨© (5.3) ¯®§¢®«ï¥â áâ ¢¨âì ¢®Ä

¯à®á ® ¢®§¬®�®áâ¨ ¢ë¢®¤  ãà ¢¥¨ï ¢¨¤  (5.2) ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá . �«ï ¯à®Ä

æ¥áá®¢ ª« áá B

1

,B

1

�M

1

, á¨áâ¥¬  ¥«¨¥©ëå ãà ¢¥¨© (1.22) ¤«ï ®¤®ç áâ¨çëå

¯à®¨§¢®¤ïé¨å äãªæ¨© ¨¬¥¥â ¢¨¤ (5.2).

x5.2. �¥®à¥¬  �¨¥ââ¨{�¨ç¨ 

® á¨¬¬¥âà¨¨ ¨ ª¨¥â¨ç¥áª®¥ ãà ¢¥¨¥

�¯à¥¤¥«¥¨¥ 5.2. �«ãç ©ë¥ ¢¥«¨ç¨ë �

1

; �

2

; : : : ; �

i

 §ë¢ îâáï á¨¬¬¥âà¨çÄ

® § ¢¨á¨¬ë¬¨ (¯¥à¥áâ ¢«ï¥¬ë¬¨), ¥á«¨ ¢á¥ i! ¯¥à¥áâ ®¢®ª ¯®á«¥¤®¢ â¥«ì®áâ¨

(�

1

; �

2

; : : : ; �

i

) ¨¬¥îâ ®¤¨ ª®¢®¥ á®¢¬¥áâ®¥ à á¯à¥¤¥«¥¨¥, â.¥.

Pf�

1

6 x

1

; �

2

6 x

2

; : : : ; �

i

6 x

i

g = Pf�

j

1

6 x

1

; �

j

2

6 x

2

; : : : ; �

j

i

6 x

i

g

¤«ï ¢á¥å i! ¯¥à¥áâ ®¢®ª

�

1; 2; : : : ; i

j

1

; j

2

; : : : ; j

i

�

¨ «î¡ëå x

1

; x

2

; : : : ; x

i

.

�¥«¨ç¨ë �

1

; �

2

; : : : ; �

i

; : : : ®¡à §ãîâ¡¥áª®¥çãî¯®á«¥¤®¢ â¥«ì®áâì á¨¬¬¥âà¨çÄ

® § ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨, ¥á«¨ �

1

; �

2

; : : : ; �

i

¤«ï ¢á¥å i = 2; 3; : : : ï¢«ïîâáï

á¨¬¬¥âà¨ç® § ¢¨á¨¬ë¬¨ á«ãç ©ë¬¨ ¢¥«¨ç¨ ¬¨.

�¥®à¥¬  5.3 (�. ¤¥ �¨¥ââ¨, �.�. �¨ç¨ [66℄, [117℄, [83℄). Ǳãáâì (
;A ;P) { ¢¥Ä

à®ïâ®áâ®¥ ¯à®áâà áâ¢®, �

1

(!); �

2

(!); : : : ; �

i

(!); : : : { ¡¥áª®¥ç ï ¯®á«¥¤®¢ Ä

â¥«ì®áâì á¨¬¬¥âà¨ç® § ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨. Ǳ®«®�¨¬

F (x

1

; x

2

; : : : ; x

i

) = Pf�

1

6 x

1

; �

2

6 x

2

; : : : ; �

i

6 x

i

g:

�®£¤  áãé¥áâ¢ã¥â á«ãç © ï ¢¥«¨ç¨  �(!) â ª ï, çâ® ¥á«¨ ¯®«®�¨âì

Pf�

1

6 x j � = yg = '(x j y); Pf� 6 xg = H(x);

â® á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

F (x

1

; x

2

; : : : ; x

i

) =

Z

1

�1

'(x

1

j y)'(x

2

j y) � � �'(x

i

j y) dH(y); i = 1; 2; : : : : (5.4)

�â¥£à « (5.4) § ¯¨áë¢ ¥âáï ª ª ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ [117℄

Pf�

1

6 x

1

; �

2

6 x

2

; : : : ; �

i

6 x

i

g = E

�

Pf�

1

6 x

1

j �gPf�

2

6 x

2

j �g � � �Pf�

i

6 x

i

j �g

�

:

� ª¨¬ ®¡à §®¬, á¢®©áâ¢® ¯¥à¥áâ ¢«ï¥¬®áâ¨ ¤«ï ¡¥áª®¥ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨

á«ãç ©ëå ¢¥«¨ç¨ íª¢¨¢ «¥â® á¢®©áâ¢ã ãá«®¢®© ¥§ ¢¨á¨¬®áâ¨ ¨ ãá«®¢®© ®¤¨Ä

 ª®¢®© à á¯à¥¤¥«¥®áâ¨. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 5.3 ¥ ¤ ¥â á¯®á®¡  ¯®áâà®¥¨ï

á®®â®è¥¨ï (5.4). �®¢¬¥áâãî äãªæ¨î à á¯à¥¤¥«¥¨ï F (x

1

; x

2

; : : : ; x

i

) ª®¥ç®©

¯®á«¥¤®¢ â¥«ì®áâ¨ á«ãç ©ëå ¢¥«¨ç¨ �

1

; �

2

; : : : ; �

i

, ¢®®¡é¥ £®¢®àï, ¥«ì§ï ¯à¥¤áâ Ä

¢¨âì ¢ ¢¨¤¥ (5.4).

� áá¬®âà¥ë¥ ¢ x5.1 i-ç áâ¨çë¥ äãªæ¨¨ à á¯à¥¤¥«¥¨ï F

i

(t;x

1

; x

2

; : : : ; x

i

) ï¢Ä

«ïîâáï á¨¬¬¥âà¨çë¬¨äãªæ¨ï¬¨ ¯¥à¥¬¥ëåx

1

; x

2

; : : : ; x

i

[13; £«. 2, x6℄, ¯®áª®«ìªã
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¬¨ªà®ç áâ¨æë ®¤®£® â¨¯  ¥à §«¨ç¨¬ë [36℄. Ǳà¨¬¥¨â¥«ì® ª i-ç áâ¨çë¬äãªæ¨Ä

ï¬ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ (5.4) ¯®«ãç ¥â ¢¨¤

F

i

(t;x

1

; x

2

; : : : ; x

i

) =

Z

1

�1

'(x

1

j y)'(x

2

j y) � � �'(x

i

j y) dH(t; y); i = 1; 2; : : : ;

(5.5)

¨ § ¤ ç  ¢ë¢®¤  ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï á¢®¤¨âáï ª ¯®¨áªã ®áà¥¤ïîé¥© ¬¥àë

H(t; y) ¨ ¢ë¢®¤ã ãà ¢¥¨ï ¤«ï ®¤®ç áâ¨ç®© ãá«®¢®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï

'(x j y) [49℄.

�á«®¢¨ï ¥§ ¢¨á¨¬®áâ¨. �«ï ¯à¨¬¥¥¨ï â¥®à¥¬ë ® á¨¬¬¥âà¨¨ ª á¨áâ¥¬ ¬ ¢§ ¨¬®Ä

¤¥©áâ¢ãîé¨å ç áâ¨æ ®¯à¥¤¥«¥¨¥ â ª¨å á¨áâ¥¬ ¤®«�® ¡ëâì áâà®£¨¬ á â®çª¨ §à¥¨ï

â¥®à¨¨ á«ãç ©ëå ¯à®æ¥áá®¢ { ¤®«�® ¡ëâì ®¯à¥¤¥«¥® ¢¥à®ïâ®áâ®¥ ¯à®áâà Ä

áâ¢® (
;A ;P). � ä¨§¨ç¥áª®© ª¨¥â¨ª¥ àï¤ ¯à¨ïâëå ãà ¢¥¨© ¥ ï¢«ïîâáï áâà®£®

®¯à¥¤¥«¥ë¬¨ [79℄. � â¥®à¨¨ ¬ àª®¢áª¨å¯à®æ¥áá®¢ ¡ë«¨ ¨áá«¥¤®¢ ë, ¢ ¯¥à¢ãî®ç¥Ä

à¥¤ì, á«¥¤ãîé¨¥ ª¨¥â¨ç¥áª¨¥ ãà ¢¥¨ï: ãà ¢¥¨¥ ¤¨ääã§¨®®£® ¯à®æ¥áá  [69℄ ¨

ãà ¢¥¨¥ ¢¥â¢ïé¥£®áï ¯à®æ¥áá  [71℄, [106℄. �¨ääã§¨®ë© ¨ ¢¥â¢ïé¨©áï ¯à®æ¥ááë

á®®â¢¥âáâ¢ãîâ ¢ëà®�¤¥¨î ä®à¬ã«ë (5.5), ª®£¤  ®áà¥¤ïîé ï ¬¥à  á®áà¥¤®â®ç¥ 

¢ ¥¤¨áâ¢¥®© â®çª¥:

F

i

(t;x

1

; x

2

; : : : ; x

i

) = F

1

(t;x

1

)F

1

(t;x

2

) � � �F

1

(t;x

i

); i = 1; 2; : : : ;

â.¥. í¢®«îæ¨¨ ®â¤¥«ìëå ç áâ¨æ ¢ íâ¨å ¯à®æ¥áá å ¥ § ¢¨áïâ ¤àã£ ®â ¤àã£ . �«ï ¬ àÄ

ª®¢áª®£® ¢¥â¢ïé¥£®áï ¯à®æ¥áá  á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.22) ¤«ï ®¤Ä

®ç áâ¨çëå ¯à®¨§¢®¤ïé¨å äãªæ¨© ¯®«ãç¥  ¢ [71℄, ¨áå®¤ï ¨§ ¯à¥¤¯®«®�¥¨ï (1.21)

® ¥§ ¢¨á¨¬®áâ¨ í¢®«îæ¨© ç áâ¨æ.

Ǳà¨¬ â¥¬ â¨ç¥áª®¬®¯¨á ¨¨ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ ¤¥« îâáï ®¯à¥¤¥«¥ë¥ ¯à¥¤Ä

¯®«®�¥¨ï ® å à ªâ¥à¥ ¢§ ¨¬®á¢ï§¥© (§ ¢¨á¨¬®áâ¨) ¬¥�¤ã ç áâ¨æ ¬¨. Ǳà¨ ¢¥à®ïâÄ

®áâ®¬ ®¯¨á ¨¨ â ª¨å ¯à®æ¥áá®¢ ®á®¢ë¬¨ ï¢«ïîâáï ¤®¯ãé¥¨ï ® ¥§ ¢¨á¨¬®áâ¨

â¥å ¨«¨ ¨ëå á®¡ëâ¨© ¤àã£ ®â ¤àã£ . \Ǳ®ïâ¨¥ ¥§ ¢¨á¨¬®áâ¨ h: : :i § ¨¬ ¥â ¢ ¨§¢¥áâÄ

®¬ á¬ëá«¥ æ¥âà «ì®¥ ¬¥áâ® ¢ â¥®à¨¨ ¢¥à®ïâ®áâ¥©. h: : :i �®®â¢¥âáâ¢¥® íâ®¬ã

®¤®© ¨§ ¢ �¥©è¨å § ¤ ç ä¨«®á®ä¨¨ ¥áâ¥áâ¢¥ëå  ãª h: : :i ï¢«ïîâáï ¢ëïá¥¨¥ ¨

ãâ®ç¥¨¥ â¥å ¯à¥¤¯®áë«®ª, ¯à¨ ª®â®àëå ª ª¨¥-«¨¡®¤ ë¥ ¤¥©áâ¢¨â¥«ìë¥ ï¢«¥¨ï

¬®�® à áá¬ âà¨¢ âì ª ª ¥§ ¢¨á¨¬ë¥" [70℄. � áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ ¯à¨ ®¯¨á ¨¨

á¨áâ¥¬ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¯à¨¬¥ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï ¥§ ¢¨á¨¬®áÄ

â¨: ¬ àª®¢áª®¥ á¢®©áâ¢®; ª®àà¥«ïæ¨ï ¬¥�¤ã ¯®«®�¥¨ï¬¨ ¬¨ªà®ç áâ¨æ ®á« ¡¥¢ ¥â

¯® ¬¥à¥ ã¢¥«¨ç¥¨ï à ááâ®ï¨ï ¬¥�¤ã ¨¬¨, â.¥.

F

i

(t;x

1

; x

2

; : : : ; x

i

)� F

1

(t;x

1

)F

1

(t;x

2

) � � �F

1

(t;x

i

)! 0;

ª®£¤  ¢á¥ jx

k

� x

l

j ! 1 [13; £«. 1, x1℄; ¥§ ¢¨á¨¬®¥ ¯à®â¥ª ¨¥  ªâ  áâ®«ª®¢¥¨ï

¬¨ªà®ç áâ¨æ ¢ à §à¥�¥®¬ £ §¥. Ǳ®á«¥¤¥¥ ãá«®¢¨¥ ¨á¯®«ì§ã¥âáï ¢ ª¨¥â¨ç¥áª®¬

ãà ¢¥¨¨ �®«ìæ¬   [79℄, [102℄.

�¯à¥¤¥«¥®¥ ¢ x1.3 ¬®�¥áâ¢®M

1

¬ àª®¢áª¨å ¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¢ë¤¥Ä

«ï¥âáï ¨§ ¬®�¥áâ¢ M ¢á¥å ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ãá«®¢¨¥¬ ¥§ ¢¨á¨¬®áâ¨: à¥§ã«ìÄ

â â ¢§ ¨¬®¤¥©áâ¢¨ï ª®¬¯«¥ªá  ç áâ¨æ S

"

i

, "

i

2 A, ¥ § ¢¨á¨â ®â  «¨ç¨ï

¤àã£¨å ç áâ¨æ. Ǳà¨¬¥¨â¥«ì® ª ¯à®æ¥áá ¬ á ¤¨áªà¥âë¬¨ á®áâ®ï¨ï¬¨ íâ® ãá«®¢¨¥

¢¢¥¤¥® ¢ [79℄ ¤«ï ¡¨¬®«¥ªã«ïàëå ¯à®æ¥áá®¢, ª®£¤  j"

i

j = 2, "

i

2 A, ¨ ¢ [104℄ ¤«ï

¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬.
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�¤¥« ¥¬ ¯à¥¤¯®«®�¥¨¥: ¤«ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢ á ¢§ ¨¬®¤¥©áâ¢¨¥¬ �-ç á-

â¨çë¥ äãªæ¨¨ à á¯à¥¤¥«¥¨ï fP

��

(t), � 2 N

n

g ®¡« ¤ îâ á¢®©áâ¢ ¬¨ á¨¬¬¥âà¨¨,

¯®áª®«ìªã ¯à¨ ®¯à¥¤¥«¥¨¨ íâ¨å ¯à®æ¥áá®¢ ¢¢¥¤¥  â®�¤¥áâ¢¥®áâì ç áâ¨æ ®¤®£®

â¨¯ .

x5.3. Ǳà¥®¡à §®¢ ¨¥ ä §®¢®£® ¯à®áâà áâ¢  âà ¥ªâ®à¨© ç áâ¨æ

¤«ï á¨áâ¥¬ë á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ª ¬®�¥áâ¢ã ¤¥à¥¢ì¥¢

� áá¬®âà¨¬ ¯à®æ¥áá á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¨§ ª« áá  B

2

á® áå¥¬®© 2T ! kT : ®¤®Ä

à®¤ë© ¬ àª®¢áª¨© ¯à®æ¥áá �

t

, t 2 [0;1),   ä §®¢®¬ ¯à®áâà áâ¢¥ N, ®¯à¥¤¥«ï¥¬ë©

 ¡®à®¬ " = 2, fp

k

, k 2 N; p

2

= 0g, f'

i

= i(i � 1)�, i 2 N, � > 0g. Ǳ¥à¢ ï á¨áâ¥¬ 

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© �®«¬®£®à®¢  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ æ¥¯®çª¨ ãà ¢¥¨©

�F

i

(t; s)

�t

= �i(i� 1)�F

i

(t; s) + i(i� 1)�

1

X

k=0

p

k

F

i�2+k

(t; s); i = 0; 1; : : : ;

¯à®¨§¢®¤ïé ï äãªæ¨ï F

i

(t; s) ï¢«ï¥âáï á¢¥àâª®© à á¯à¥¤¥«¥¨ï fP

ij

(t), j 2 Ng.

�®áâ®ï¨¥ i ¯à®æ¥áá  �

t

¨â¥à¯à¥â¨àã¥¬ ª ª  «¨ç¨¥ i ç áâ¨æ â¨¯  T ¢ ¥ª®â®à®©

ä¨§¨ç¥áª®© á¨áâ¥¬¥. �¥à¥§ á«ãç ©®¥ ¢à¥¬ï �

i

, Pf�

i

6 tg = 1� e

�i(i�1)�t

, ¢ á¨áâ¥¬¥

¯à®¨áå®¤¨â ¢§ ¨¬®¤¥©áâ¢¨¥ ª ª¨å-«¨¡® ¤¢ãå ¨§ i ¨¬¥îé¨åáï ç áâ¨æ. �â®â ª®¬¯«¥ªá

¨§ ¤¢ãå ç áâ¨æ ¯à¥¢à é ¥âáï ¢ á®¢®ªã¯®áâì ¨§ k ç áâ¨æ (¯®â®¬ª®¢) â¨¯  T á à á¯à¥Ä

¤¥«¥¨¥¬ ¢¥à®ïâ®áâ¥© fp

k

g { çâ® á®®â¢¥âáâ¢ã¥â ¯¥à¥å®¤ã ¬ àª®¢áª®£® ¯à®æ¥áá  �

t

¨§

á®áâ®ï¨ï i ¢ á®áâ®ï¨¥ i�2+k; ¤ «¥¥   «®£¨ç ï í¢®«îæ¨ï. �«ï ¬ â¥¬ â¨ç¥áª®£®

®¯¨á ¨ï â ª®© á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¬®�® ¯®áâà®¨âì ¯à®áâà áâ¢®

í«¥¬¥â àëå á®¡ëâ¨©, á®áâ®ïé¥¥ ¨§ ®¯¨á ¨ï í¢®«îæ¨© ª �¤®© ®â¤¥«ì®© ç áâ¨Ä

æë, áãé¥áâ¢®¢ ¢è¥© ¢ á¨áâ¥¬¥ (¯à®áâà áâ¢® âà ¥ªâ®à¨© ç áâ¨æ), ¨ á®®â¢¥âáâ¢ãîÄ

éãî ¢¥à®ïâ®áâãî ¬¥àã (¬¥àã   âà ¥ªâ®à¨ïå ç áâ¨æ). �¡®§ ç¨¬ íâ® ¢¥à®ïâ®áâÄ

®¥ ¯à®áâà áâ¢® (


tr

;A

tr

;P

tr

). �  à¨á. 4 ¨§®¡à �¥ ¯à¨¬¥à à¥ «¨§ æ¨¨ ¯à®æ¥áá  á

¢§ ¨¬®¤¥©áâ¢¨¥¬ ç áâ¨æ ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ 


tr

.

�¨á. 4. �¥ «¨§ æ¨ï á«ãç ©®£® ¯à®æ¥á-

á  á ¢§ ¨¬®¤¥©áâ¢¨¥¬ ç áâ¨æ

�¨á. 5. Ǳà¥®¡à §®¢ ¨¥ ä §®¢®£® ¯à®áâ-

à áâ¢  ª ¬®�¥áâ¢ã ¤¥à¥¢ì¥¢

Ǳà¥®¡à §ã¥¬ ä §®¢®¥ ¯à®áâà áâ¢® âà ¥ªâ®à¨© ç áâ¨æ ª ¬®�¥áâ¢ã ¤¥à¥¢ì¥¢ á«¥Ä

¤ãîé¨¬ ®¡à §®¬: ¯®â®¬áâ¢® «î¡®© ¯ àë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ ¯à¨¯¨áë¢ ¥¬

®¤®© ç áâ¨æ¥ ¨§ íâ®© ¯ àë. �®£¤  ¯®«ãç ¥¬ ¤«ï ª �¤®© ¨§ i  ç «ìëå ç áâ¨æ á«ãÄ

ç ©®¥ ç¨á«® ¯®â®¬ª®¢ �

(l)

t

(l = 1; : : : ; i; á¬. à¨á. 5) ¨ á®®â®è¥¨¥

�

t

= �

(1)

t

+ � � �+ �

(i)

t

: (5.6)
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� á¨«ã ¥à §«¨ç¨¬®áâ¨ ç áâ¨æ ¬®�® ¯à¥¤¯®« £ âì, çâ® á«ãç ©ë¥ ¢¥«¨ç¨ë �

(l)

t

¯¥Ä

à¥áâ ¢«ï¥¬ë (á¨¬¬¥âà¨ç® § ¢¨á¨¬ë). � ¢¥áâ¢® (5.6) ¯®§¢®«ï¥â ª®ªà¥â¨§¨à®¢ âì

¯à¥¤¯®«®�¥¨¥ ®¡ ãá«®¢®© ¥§ ¢¨á¨¬®áâ¨ ¨ ãá«®¢®© ®¤¨ ª®¢®© à á¯à¥¤¥«¥®áâ¨:

F

i

(t; s) =

1

X

j=0

P

ij

(t)s

j

= E(s

�

t

j �

0

= i) = Es

�

(1)

t

+���+�

(i)

t

= E

�

E(s

�

(1)

t

+���+�

(i)

t

j �

t

)

�

= E

�

E(s

�

(1)

t

j �

t

) � � �E(s

�

(i)

t

j �

t

)

�

= E

�

E(s

�

(1)

t

j �

t

)

�

i

=

Z

f!2


tr

g

'

i

(!; s)H(t; d!); (5.7)

i 2 N, £¤¥ �

t

{ á«ãç © ï ¢¥«¨ç¨    ¢¥à®ïâ®áâ®¬ ¯à®áâà áâ¢¥ (


tr

;A

tr

;P

tr

),

áãé¥áâ¢®¢ ¨¥ ª®â®à®© á«¥¤ã¥â ¨§ â¥®à¥¬ë 5.3. �¨¤ § ¢¨á¨¬®áâ¨ äãªæ¨¨ '(!; s) ®â

¯¥à¥¬¥®© s á¢ï§  á® áâàãªâãà®© âà ¥ªâ®à¨© (á¬. x5.4),   äãªæ¨ïH(t; d!) ®¯à¥¤¥Ä

«ï¥â á«ãç ©ãî áà¥¤ã [1℄, á®®â¢¥âáâ¢ãîéãîà áá¬ âà¨¢ ¥¬®¬ã¬ àª®¢áª®¬ã¯à®æ¥áÄ

áã. �â¬¥â¨¬, çâ® á®®â®è¥¨¥ (5.6) á®¢¯ ¤ ¥â á á®®â®è¥¨¥¬ (4.10) ¤«ï ¬ àª®¢áª®£®

¯à®æ¥áá  ¨§ ª« áá  B

1

¨ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ (5.7) ¤«ï i-ç áâ¨ç®© ¯à®¨§¢®Ä

¤ïé¥© äãªæ¨¨ ®¡®¡é ¥â á¢®©áâ¢® ¢¥â¢«¥¨ï (4.6) [15℄ ¯à®æ¥áá  á ¥§ ¢¨á¨¬ë¬¨ ç áÄ

â¨æ ¬¨.

Ǳà¥®¡à §®¢ ¨¥ä §®¢®£® ¯à®áâà áâ¢  âà ¥ªâ®à¨© ª ¬®�¥áâ¢ã «¥á®¢ ¢®§¬®�® á

¢ë¯®«¥¨¥¬ à ¢¥áâ¢  (5.6) ¤«ï ¯à®¨§¢®«ì®© á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ.

� á«ãç ¥ ¥¯à¥àë¢®£®ä §®¢®£® ¯à®áâà áâ¢  ¤«ï ¢ë¢®¤ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥Ä

¨ï ¢¨¤  (5.7) ¤«ï i-ç áâ¨çëå äãªæ¨© à á¯à¥¤¥«¥¨ï ¨á¯®«ì§ãîâáï ¯à®¨§¢®¤ïé¨¥

äãªæ¨® «ë [13℄, [106℄. Ǳà¨æ¨¯ â®�¤¥áâ¢¥®áâ¨ ç áâ¨æ [36℄ ¨ á¢®©áâ¢  á¨¬¬¥âà¨¨

ï¢«ïîâáï  ¨¡®«¥¥ ®¡é¨¬¨ á®¤¥à� â¥«ìë¬¨ ¯®«®�¥¨ï¬¨ ¥à ¢®¢¥á®© áâ â¨áâ¨Ä

ç¥áª®© ä¨§¨ª¨.

�¨¥â¨ç¥áª¨¥ ãà ¢¥¨ï. � å®�¤¥¨¥ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï (5.7) ¢¥à®Ä

ïâ®áâë¬¨ ¬¥â®¤ ¬¨ § âàã¤¨â¥«ì® ¨§-§  á«®�®áâ¨ ¯à®áâà áâ¢  âà ¥ªâ®à¨©

(


tr

;A

tr

;P

tr

). �«ï ¬ àª®¢áª®£® ¯à®æ¥áá  á ¯ àë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ �

t

®¡Ä

®¡é¥®¥ á¢®©áâ¢® ¢¥â¢«¥¨ï (5.7) ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ F

i

(t; s) ¢ëï¢«¥®

  «¨â¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨ ¢ £« ¢¥ 4, £¤¥ ¯®áâà®¥ë § ¬ªãâë¥ à¥è¥¨ï ¢â®à®£®

ãà ¢¥¨ï �®«¬®£®à®¢ . � ¯. 4.2.2  ©¤¥ë ®áà¥¤ïîé ï ¬¥à  ¨ ª¨¥â¨ç¥áª®¥ ãà ¢Ä

¥¨¥ (4.35)¤«ï ®¤®ç áâ¨ç®© ¯à®¨§¢®¤ïé¥©äãªæ¨¨'(x; y; s) ãá«®¢ëå¯¥à¥å®¤ëå

¢¥à®ïâ®áâ¥© ¢ á«ãç ¥ ¡¨¬®«¥ªã«ïà®© à¥ ªæ¨¨ 2T ! kT , k = 0; 1. � ¯. 4.2.3 ¤ ®

  «®£¨ç®¥ ¥«¨¥©®¥ ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª  (4.38) ¤«ï äãªæ¨¨ '(x; y; s)

¢ á«ãç ¥ áå¥¬ë ¢§ ¨¬®¤¥©áâ¢¨© 2T ! 3T . �®£®ªà âë© ¨â¥£à « ¢ ä®à¬ã« å

(4.34) ¨ (4.36) ¨â¥à¯à¥â¨àã¥âáï ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 5.3 ª ª ¬ â¥¬ â¨ç¥áª®¥

®�¨¤ ¨¥.

Ǳà®¡«¥¬  ¢ë¢®¤  ª¨¥â¨ç¥áª®£® (âà¥âì¥£®) ãà ¢¥¨ï ¤«ï ¬ àª®¢áª¨å ¯à®æ¥áá®¢

á ¢§ ¨¬®¤¥©áâ¢¨¥¬ à §à¥è¨¬  ç¥à¥§ ¯®áâà®¥¨¥ â®çëå à¥è¥¨© ¢ ¢¨¤¥ ¨â¥£à «ìÄ

®£® ¯à¥¤áâ ¢«¥¨ï (5.7) «¨¥©ëå ãà ¢¥¨© �®«¬®£®à®¢  ¤«ï ª®ªà¥âëå ç áâëå

á«ãç ¥¢. � ë¥ ¢  áâ®ïé¥© áâ âì¥ ¯à¨¬¥àë â ª¨å à¥è¥¨© ¤ îâ ¢®§¬®�®áâì á¤¥Ä

« âì ¯à¥¤¯®«®�¥¨¥ ® â¨¯ å ¥«¨¥©ëå ãà ¢¥¨© ¤«ï à §«¨çëå ª« áá®¢ ¬ àª®¢Ä

áª¨å ¯à®æ¥áá®¢: ¤«ïB

1

íâ® á¨áâ¥¬  ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©;¤«ï

B

2

íâ® á¨áâ¥¬  ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª ; ¤«ïB

3

íâ® á¨áâ¥Ä

¬  ¨â¥£à «ìëå ãà ¢¥¨© â¨¯  ãà ¢¥¨© ¢®ááâ ®¢«¥¨ï (®¡ ãà ¢¥¨ïå ¢®ááâ Ä

®¢«¥¨ï á¬. [106; £«. 8, x7℄); ¤«ï ¬®�¥áâ¢ M

1

íâ® á¨áâ¥¬  áâ®å áâ¨ç¥áª¨å ¨â¥£Ä

à «ìëå ãà ¢¥¨©.
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x5.4. �¢®©áâ¢® ¢¥â¢«¥¨ï ¤«ï ¯à®æ¥áá  ¯à®áâ®© £¨¡¥«¨

Ǳà®áâ¥©è¨¬ ¬ àª®¢áª¨¬ ¯à®æ¥áá®¬ ¨§ ¬®�¥áâ¢  M

1

ï¢«ï¥âáï ¯à®æ¥áá £¨¡¥«¨

�

t

, t 2 [0;1),   ä §®¢®¬ ¯à®áâà áâ¢¥ N, ®¯à¥¤¥«ï¥¬ë©  ¡®à®¬ " = 1, fp

0

= 1g,

f'

0

= 0; '

i

> 0, i = 1; 2; : : : g. �à ¢¥¨ï �®«¬®£®à®¢  ¤«ï ¤¢®©®© ¯à®¨§¢®¤ïé¥©

äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥©F(t; z; s) ¨¬¥îâ ¢¨¤ (ãà ¢¥¨ï (2.6) ¨ (2.7))

�F

�t

= z(F �D

z

(F));

�F

�t

= (1� s)D

s

(F); F(0; z; s) = e(zs): (5.8)

�  ç «ì®¬ á®áâ®ï¨¨ i ¯à®æ¥áá �

t

 å®¤¨âáï á«ãç ©®¥ ¢à¥¬ï �

i

á à á¯à¥¤¥«¥¨¥¬

Pf�

i

6 tg = 1 � e

�'

i

t

. � ¬®¬¥â �

i

¯à®¨áå®¤¨â ¯¥à¥å®¤ ¯à®æ¥áá  ¢ á®áâ®ï¨¥ i � 1 ¨

â ª ¤ «¥¥. Ǳà¨¬¥à à¥ «¨§ æ¨¨ á«ãç ©®£® ¯à®æ¥áá  �

t

¨§®¡à �¥   à¨á. 6.

�¨á. 6. Ǳà®æ¥áá £¨¡¥«¨ ¯à¨ ä §®¢®¬ ¯à®á-

âà áâ¢¥ N

�¨á. 7. Ǳà®æ¥áá £¨¡¥«¨¯à¨ä §®¢®¬¯à®á-

âà áâ¢¥ 


tr

�®áâ®ï¨¥ ¯à®æ¥áá  i ¨â¥à¯à¥â¨àã¥¬ ª ª  «¨ç¨¥ i ç áâ¨æ ®¤®£® â¨¯ , ¯¥à¥å®¤

¯à®æ¥áá  ¢ á®áâ®ï¨¥ i� 1 ¥áâì £¨¡¥«ì ®¤®© ¨§ ç áâ¨æ; ¨¬¥¥¬ áå¥¬ã T ! 0. Ǳà¨¬¥à

à¥ «¨§ æ¨¨ ¯à®æ¥áá  £¨¡¥«¨ ¯à¨ ä §®¢®¬ ¯à®áâà áâ¢¥ âà ¥ªâ®à¨© ç áâ¨æ 


tr

¨§®¡Ä

à �¥   à¨á. 7. �«ãç ©ë¥ ¢¥«¨ç¨ë �

(l)

t

(ç¨á«® ¯®â®¬ª®¢ ¤«ï ª �¤®© ¨§  ç «ìëå

ç áâ¨æ, l = 1; : : : ; i) ¯à¨¨¬ îâ § ç¥¨ï «¨¡® 0, «¨¡® 1. Ǳà¥¤¯®« £ ï ¯¥à¥áâ ¢«ïÄ

¥¬®áâì á«ãç ©ëå ¢¥«¨ç¨ ¢ áã¬¬¥ (5.6), ¨¬¥¥¬ ¤«ï á«ãç ï ¡¥áª®¥ç®© ¯®á«¥¤®¢ Ä

â¥«ì®áâ¨ á¨¬¬¥âà¨ç® § ¢¨á¨¬ëå á«ãç ©ëå ¢¥«¨ç¨, ¯à¨¨¬ îé¨å â®«ìª® § ç¥Ä

¨ï 0 ¨ 1 (áà. [26; â. 2, £«. 7, x4℄),

F

i

(t; s) = E(X

t

+ sY

t

)

i

; i 2 N; (5.9)

£¤¥X

t

, Y

t

{ ¥ª®â®àë¥ ¢§ ¨¬®á¢ï§ ë¥ á«ãç ©ë¥ ¯à®æ¥ááë.

�¥®à¥¬  5.4. Ǳãáâì ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá  £¨¡¥«¨ '

i+1

> '

i

, i 2 N, ¨

lim

i!1

'

i

=1. �¢®© ï ¯à®¨§¢®¤ïé ï äãªæ¨ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¯à¥¤Ä

áâ ¢¨¬  àï¤®¬ �ãàì¥

F(t; z; s) =

1

X

n=0

1

'

1

� � �'

n

e

C

n

(z)C

n

(s)e

�'

n

t

; (5.10)

£¤¥

e

C

n

(z) = z

n

+

1

X

k=1

z

n+k

('

n+1

� '

n

) � � � ('

n+k

� '

n

)

;

C

n

(s) = s

n

+

n�1

X

k=0

'

k+1

� � �'

n

('

k

� '

n

) � � � ('

n�1

� '

n

)

s

k

:

�ï¤ (5.10)  ¡á®«îâ® áå®¤¨âáï ¯à¨ «î¡ëå z, jsj < 1 ¨ t 2 [0;1).
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�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬®¯à¥¤¥«¥¨¥ ¤¢®©®© ¯à®¨§¢®¤ïé¥©äãªæ¨¨ (2.5)

¨ ï¢ë¥ ¢ëà �¥¨ï (2.8) ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© P

ij

(t) ¯à®æ¥áá  £¨¡¥«¨:

F(t; z; s) =

1

X

i=0

1

X

j=0

z

i

'

1

� � �'

i

P

ij

(t)s

j

=

1

X

i=0

i

X

j=0

i

X

n=j

z

i

'

1

� � �'

j

e

�'

n

t

('

i

� '

n

) � � � ('

n+1

� '

n

)('

n�1

� '

n

) � � � ('

j

� '

n

)

s

j

=

1

X

n=0

e

�'

n

t

'

1

� � �'

n

�

z

n

+

1

X

i=n+1

z

i

('

n+1

� '

n

) � � � ('

i

� '

n

)

�

�

�

s

n

+

n�1

X

j=0

'

j+1

� � �'

n

('

j

� '

n

) � � � ('

n�1

� '

n

)

s

j

�

:

�å®¤¨¬®áâì àï¤  ¤«ïF(t; z; s) á«¥¤ã¥â ¨§ ®æ¥ª¨

�

�

�

�

1

X

i=0

1

X

j=0

z

i

'

1

� � �'

i

P

ij

(t)s

j

�

�

�

�

6

1

X

i=0

1

X

j=0

jzj

i

'

1

� � �'

i

jsj

j

6

1

1� jsj

1

X

i=0

jzj

i

'

1

� � �'

i

<1;

¤«ï «î¡ëå z ¨ jsj < 1. �¥®à¥¬  5.4 ¤®ª §  .

�«ï ¯à®æ¥áá  £¨¡¥«¨ «¨¥©®£® â¨¯ , ¢ ª®â®à®¬'

i

= i�, àï¤ (5.10) «¥£ª® áã¬¬¨àãÄ

¥âáï ¨ ¯à¨¢®¤¨â ª á¢®©áâ¢ã ¢¥â¢«¥¨ï (4.12),

F(t; z; s) =

1

X

n=0

(z=�)

n

n!

e

z=�

(s� 1)

n

e

�n�t

= e

(z=�)(1+(s�1)e

��t

)

:

�«ï ¯à®æ¥áá  ª¢ ¤à â¨ç®£® â¨¯ , ¢ ª®â®à®¬ '

i

= i(i � 1)�, àï¤ (5.10) áã¬¬¨à®¢ 

¢ ¯. 4.2.1. � ª¨¬ ®¡à §®¬, § ¤ ç  ®¡®á®¢ ¨ï ¢¥à®ïâ®áâ®£® ¯à¥¤¯®«®�¥¨ï ®  «¨Ä

ç¨¨ ®¡®¡é¥®£® á¢®©áâ¢  ¢¥â¢«¥¨ï (5.9) ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá  £¨¡¥«¨ á¢®¤¨âáï

ª   «¨â¨ç¥áª®© § ¤ ç¥ áã¬¬¨à®¢ ¨ï àï¤  (5.10) { ¯à¨ â¥å ¨«¨ ¨ëå ¯à¥¤¯®«®�¥¨Ä

ïå ® äãªæ¨¨ '

i

= '(i), i 2 N.

�â¬¥â¨¬, çâ® à¥è¥¨¥ (5.10) ãà ¢¥¨© (5.8), á®¤¥à� é¨å ®¯¥à â®à �¥«ìä®¤ {

�¥®âì¥¢  ®¡®¡é¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï, ¨¬¥¥â ¢¨¤àï¤  íªá¯®¥â [78℄. Ǳà¨ t = 0

¯®«ãç ¥¬ à §«®�¥¨¥ á®¡áâ¢¥®© äãªæ¨¨ (2.2):

e(zs) =

1

X

n=0

('

1

� � �'

n

)

�1

e

C

n

(z)C

n

(s);

äãªæ¨¨

e

C

n

(z) ¨ C

n

(s) á¢ï§ ë ¨â¥£à «ìë¬ ¯à¥®¡à §®¢ ¨¥¬.

�®�¥áâ¢ãM

1

¯à¨ ¤«¥�¨â â ª�¥ ¯à®æ¥áá ç¨áâ®£® à®�¤¥¨ï. � «®£¨ç® ¯à¥¤Ä

è¥áâ¢ãîé¥¬ã á«ãç î, à áá¬ âà¨¢ ï ä §®¢®¥ ¯à®áâà áâ¢® 


tr

, ¯à¨å®¤¨¬ ª ¯à¥¤¯®Ä

«®�¥¨î, çâ® ¤«ï â ª®£® ¯à®æ¥áá  ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ (5.7) i-ç áâ¨ç®© ¯à®Ä

¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¨¬¥¥â ¢¨¤ [53℄

F

i

(t; s) = E

�

sY

t

1� sX

t

�

i

; i 2 N;

£¤¥X

t

, Y

t

{ ¢§ ¨¬®á¢ï§ ë¥ á«ãç ©ë¥ ¯à®æ¥ááë.
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�¥®à¥¬  5.5. �«ï ¯à®æ¥áá  à®�¤¥¨ï ¯ã áá®®¢áª®£® â¨¯  ¨¬¥¥â ¬¥áâ®

á¢®©áâ¢® ¢¥â¢«¥¨ï ¢ ¢¨¤¥ (!

2

= �1; i = 2; 3; : : : )

F

i

(t; s) =

Z

1

0

�

1

2�!

I

0+

�

Z

1

0

�

'

i

(x; �; u; s)

1 + �

1� x

�

0

�

d�

�

0

x

e

�t(ux�1)

u

du

�

dx;

á ¤à®¡®-«¨¥©®© ¯® ¯¥à¥¬¥®© s äãªæ¨¥©

'(x; �; u; s) =

s(1� x)=(1 + �)

1� s(1=u+ �(1� x)=(1 + �))

:

�¥®à¥¬  5.5 ¤®ª §ë¢ ¥âáï ¯àï¬ë¬¨ ¢ëç¨á«¥¨ï¬¨ âà¥åªà â®£® ¨â¥£à « , çâ®

¯à¨¢®¤¨â ª ¢ëà �¥¨ï¬ ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¯ã áá®®¢áª®£® ¯à®æ¥áá :

P

ij

(t) = 0, 0 6 j < i; P

ij

(t) = e

��t

(�t)

j�i

=(j � i)!, j > i > 1. � ¢ëç¨á«¥¨ïå

¨á¯®«ì§ã¥âáï ¡¥â -äãªæ¨ï [44℄, [52℄.

5.4.1. �¥à¥è¥ë¥ § ¤ ç¨. Ǳà¥¤¯®«®�¥¨¥ ® ¥«¨¥©®¬ á¢®©áâ¢¥ (5.7) ¤«ï

¬ àª®¢áª¨å ¯à®æ¥áá®¢ âà¥¡ã¥â ¯®¤â¢¥à�¤¥¨ï ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¢ á«ãç ïå, ª®£¤  ï¢Ä

ë¥ ¢ëà �¥¨ï ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© P

��

(t), �; � 2 N

n

, «¨¡® ¨§¢¥áâë, «¨¡®

¬®£ãâ ¡ëâì  ©¤¥ë å®âï ¡ë ¤«ï ¥ª®â®àëå § ç¥¨© � ¨ �.

1. �ëï¢¨âì ¥«¨¥©®¥ á¢®©áâ¢® ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (5.9) ¤«ï ¯à®æ¥áá  £¨¡¥Ä

«¨ áâ¥¯¥®£® â¨¯ , ¢ ª®â®à®¬ '

i

= i

�

�, 0 < � < 1 (� > 0).

2. �«ï ¤¢ãå¬¥à®£® ¯à®æ¥áá  £¨¡¥«¨ [76℄, [77℄ ª¢ ¤à â¨ç®£® â¨¯  ¢â®à®¥ ãà ¢¥Ä

¨¥ �®«¬®£®à®¢  ¤«ï ¯à®¨§¢®¤ïé¥© äãªæ¨¨ ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© ¨¬¥¥â ¢¨¤

�F

�

(t; s)

�t

= �(p

10

s

1

+ p

01

s

2

� s

1

s

2

)

�

2

F

�

(t; s)

�s

1

�s

2

; F

�

(0; s) = s

�

:

Ǳ®«ãç¨âì ®¡®¡é¥®¥ á¢®©áâ¢® ¢¥â¢«¥¨ï

F

(�

1

;�

2

)

(t; s

1

; s

2

) = E(X

t

+ s

1

Y

t

)

�

1

(Z

t

+ s

2

U

t

)

�

2

; (�

1

; �

2

) 2 N

2

;

£¤¥X

t

, Y

t

, Z

t

, U

t

{ ¢§ ¨¬®á¢ï§ ë¥ á«ãç ©ë¥ ¯à®æ¥ááë. �«ï ¤¢ãå¬¥à®£® ¯à®æ¥áá 

à®�¤¥¨ï, ¢â®à®¥ ãà ¢¥¨¥ ª®â®à®£® ¨¬¥¥â ¢¨¤

�F

�

(t; s)

�t

= �(p

21

s

2

1

s

2

+ p

12

s

1

s

2

2

� s

1

s

2

)

�

2

F

�

(t; s)

�s

1

�s

2

; F

�

(0; s) = s

�

;

¯®«ãç¨âì á¢®©áâ¢®

F

(�

1

;�

2

)

(t; s

1

; s

2

) = E

�

s

1

Y

t

1� s

1

X

t

�

�

1

�

s

2

U

t

1� s

2

Z

t

�

�

2

; (�

1

; �

2

) 2 N

2

:

3. �«ï ¬ àª®¢áª®£® ¯à®æ¥áá  à®�¤¥¨ï ¨ £¨¡¥«¨ ¯ã áá®®¢áª®£® â¨¯  ¯®«ãç¨âì,

¨á¯®«ì§ãï ï¢ë¥ ¢ëà �¥¨ï ¤«ï ¯¥à¥å®¤ëå ¢¥à®ïâ®áâ¥© (2.10), ¨â¥£à «ì®¥ ¯à¥¤Ä

áâ ¢«¥¨¥ ¤«ï i-ç áâ¨ç®© ¯à®¨§¢®¤ïé¥© äãªæ¨¨

F

i

(t; s) = E

�

X

t

+ sY

t

Z

t

+ sU

t

�

i

; i 2 N;

£¤¥X

t

, Y

t

, Z

t

, U

t

{ ¥ª®â®àë¥ á«ãç ©ë¥ ¯à®æ¥ááë.
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